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The Coal Seam Gas (CSG) industry in Australia has recently been subject to a significant 
transformation in terms of expenditure and production values. The acceleration of CSG 
production, short time frame of development, and complex relationship between the 
geographical location and the composition of the produced waters has led to urgency in 
identifying an effective and robust technology train to treat these waters. The industry is 
significantly invested in Reverse Osmosis (RO) as the primary method of desalination, 
however, the high alkaline earth content combined with the inherent alkalinity of the water 
results in RO membrane scaling.   
Weak acid cation (WAC) synthetic ion exchange resin has been investigated as a potential 
solution to this dilemma. It has been shown through demonstration in simple and complex 
systems that these alkaline earths are selectively removed from solution to very low 
concentrations. Further, the WAC resin exhibits interesting behaviour capable of inflating 
loading behaviour beyond the stoichiometric means commonly associated with ion 
exchange theory. 
The work has also demonstrated fundamental issues reported in the wider literature. 
Measurements of ion exchange capacity, moisture content, basic method, and modelling 
implications based on produced data have been discussed in detail and recommendations 
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 Chapter 1 
1. Introduction 
1.1 Background 
Coal Seam Gas (CSG), also known as Coal Bed Methane (CBM), is an unconventional gas 
resource which has been substantially developed in recent years [1].  A large share of 
current worldwide CSG production lies in the USA where the industry has been established 
for close to 30 years, and as such, has a significant worldwide production share of 70-80% 
[2].  Emergence of CSG industries in Australia, Canada, China, and India has also become 
important in recent years shadowing the constantly evolving complexity of modern energy 
procurement and production [3, 4]. 
 
 
Figure 1: Known recoverable CSG deposits in Australia [3] 
 
Australian CSG deposits are located primarily in the state of Queensland, specifically in the 
Surat and Bowen basins.  In fact, 90% of CSG production in Australia originates from these 
sources with an estimated total resource volume of 4.3 Tm3 (Figure 1) [3].  Acceleration of 
the industry in recent years has led to substantial investment and enhanced production 
capacities.  For example, production of CSG in 2010-2011 was estimated at 234 peta-Joules 
(PJ), increased from 63 PJ in 2005-2006 and 4 PJ in 1998-1999 [5], and it is expected that 
production will continue to grow.  Recent reports indicate a projected increase of methane 
gas consumption in Australia of 3.4 %/annum to a share of primary energy consumption of 
33% by 2030 [6].  The share of natural gas production in Queensland transitioned to a 
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 majority production of CSG from conventional sources between 2006 and 2008, to almost 
90% of all natural gas in 2012/2013 [7] [Figure 2]. 
 
 
Figure 2: Gas Production in Queensland [8] 
 
1.2 CSG Associated Water 
Procurement of CSG gas is achieved through installation of a well into a coal seam and 
pumping out coal-aquifer water to depressurize the system.  The liberation of aquifer 
pressure through the pumping process allows CSG stored in the coals micropores to be 
released and returned to the surface through the drilled well [ 




Figure 3:  Methane gas flow through coal: a) Desorption from internal surfaces; b) 




 The water returning to the surface through this process (termed “associated” or “produced 
water”) contains not only the gas desorbed from the coal seams but also a myriad of other 
components determined by the specific geochemical signature of the mined region [9].  The 
water is inherently brackish with fluctuating Total Dissolved Salt (TDS) content from region 
to region in the typical range 200 to 10,000 mg/L [10-12], along with a generally high 
alkalinity due to sodium, bicarbonate and chloride [8, 13, 14].  The water also features a 
high sodium adsorption ratio (SAR), therefore requiring careful management of the resource 
to prevent damage to soils if released on land [15].  Error! Reference source not found., below, 
highlights differences in water content based on the geographical location. 
 
 
Table 1: Composition of CSG water around the world [15] 
 
The amount of water produced in CSG production is both substantial in quantity and highly 
variable.  Influencing factors include permeability of the surrounding coal and surrounding 
geologic formations, and the size and extent of lateral drilling practices at the well site [16]. 
Current production estimates from Queensland based CSG reserves indicate that on average 
a CSG well-site is producing 30,000 L/day of produced water [17]. 
 
Production of CSG water occurs over a period of up to 15 years after the initial extraction 
[13] and thus management of the produced water is an extremely important facet of every 
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 CSG well operation. The production of gas and water has been seen to occur in three 
distinct stages[13]: 
  
• Constant production of gas and water 
• Maximum gas production followed by a slow decline in gas rate and negligible water 
production 
• Decline in both gas and water production 
Due to this production profile it is important to provide a management policy that can both 
treat and find an end use for variable water conditions over a long period.  
 
1.3 Management of CSG water 
In 2009 the Queensland Government outlined a policy for the management of CSG 
produced water which included not only acceptable uses of the water but a general ban on 
the use of evaporation ponds, the favoured process used in the USA [10, 15].  A 
prioritisation hierarchy for the management of the produced water was also outlined which 
stated the following: 
• CSG water must be used for a purpose that is beneficial to two of the following: the 
environment, existing or new water users, existing or new water-dependent 
industries 
• Water must be treated in a way that avoids and minimises impacts on 
environmental values 
Further to this document, the Department of Environment and Heritage Protection released 
the Waste Reduction and Recycling Act 2011 [18] which highlighted the following as 
approved beneficial uses of the produced water: 
• Aquaculture and human consumption of aquatic foods 
• Coal washing 
• Dust suppression 
• Industrial and manufacturing operations 
• Irrigation 
• Livestock watering 
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 The beneficial uses stated were also coupled with appropriate concentrations of solutes 
specific to each use.  Combined, these two documents indicated that not only should CSG 
producers contemplate the treatment options of their produced water but also the final use 
which will shape the level of treatment, and thus, the treatment option to be used.  
1.4 Treatment options for CSG Water 
In general, to allow beneficial reuse of the coal seam gas water, a desalination process is 
required [19].  The general water treatment strategy involves the following steps: 
• Coarse Filtration 
• Fine Filtration 
• Water Softening 
• Chemical Addition 
• Desalination 
 
Coarse and Fine Filtration 
Coagulation is conventionally applied to remove suspended solids from water and 
wastewater solutions.  Invariably, a coagulation stage is utilized prior to a reverse osmosis 
unit such as those systems described in the following references  [20-23].  For finer 
filtration, microfiltration and ultrafiltration units can be effectively employed [24, 25].   
 
Water Softening 
Water softening process prior to the RO process is required in order to inhibit scaling of the 
membrane surface [26].  The problematic alkaline earth ions (Ba, Ca, Mg, and Sr) can be 
removed using a variety of techniques [27, 28], with ion exchange being the most common 




Figure 4: Simplified outcome of water softening concept using ion exchange resin 
 
A variety of resin types can be used to soften water including weak acid cation [32], strong 
acid cation [33] and chelating resins [34].  The choice of resin depends upon the water 
composition, concentration of alkaline earth ions and desired leakage rates for the alkaline 
earth components [35].       
 
Chemical Addition 
Chemicals for adjusting solution pH, inhibition of bacterial growth [36] or prevention of 




The CSG industry has adopted reverse osmosis (RO) as the primary means of water 
treatment due to its suitability in removal of dissolved salts and proven effectiveness [13].  
RO is essentially a pressure-driven process that rejects dissolved constituents present in the 
feed water.  The rejected solutes are removed due to pore size in the membrane and 
physical-chemical interactions between solute, solvent and membrane [38].  Since the 
selection is driven by an external pressure there is inevitably an energy cost associated with 
its use. Additionally, membrane replacement is an expensive exercise and is required in 
systems that contain scaling elements such as calcium, magnesium and bicarbonate at 
alkaline pH [15], which causes a decline in flux leading up to the eventual replacement need.  
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 The combination of process downtime, maintenance, and/or product replacement is 
therefore not a desired outcome, resulting in the need for some kind of pre-treatment 
measure for these processes (as discussed previously).  Improper pre-treatment strategies 
are known to result in fouling of membranes by species such as biological [39] , dissolved 
organics [40, 41], silica [42] and alkaline earths [43].  
 
Ion Exchange 
Ion exchange has not gained popularity in Australia as a central desalination stage for the 
CSG industry.  However, in the USA it has been extensively used for several years [44, 45].  
Due to the composition of CSG water in the Powder River Basin region of the USA, typically 
only a cation resin was required to remove dissolved cations and decompose bicarbonate 
species under acidic conditions [45].  The application of zeolites for ion exchange treatment 
of CSG water has also been investigated [46], but this technology has not been used in 
commercial facilities.      
 
1.5 Research problem 
Feedback from the CSG industry in Queensland has indicated that the water softening step 
prior to a reverse osmosis desalination stage is of utmost concern.  Exploration of the gas 
fields has resulted in the finding of a wide range in concentrations of alkaline earth ions in 
the associated water, ranging from only a few mg/L to in excess of 100 mg/L.  Consequently, 
the design of an appropriate water softening step which will protect reverse osmosis 
membranes under all possible conditions is not straightforward.  Therefore, a need exists to 
understand the following fundamental issues: 




• The impact of varying solution normality upon alkaline earth ion uptake 
• Determination of appropriate experimental protocols to screen resin performance 
for water softening 
o Bottle-point method for equilibrium studies 
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 o Resin characterization and selection 
• The behaviour of complex multicomponent solutions with softening resins 
o Binary, ternary and quinary solutions of alkaline earth ions 
o Ion competition 
• Choice of models to interpret water softening data 
 
2. Literature Review 
2.1 Ion exchange fundamentals 
Synthetic resins entered the arena in the 1930’s and were developed by means of phenolic 
condensation which contained sulfonic or amine functionality, for cationic and anionic 
exchange, respectively [47].  Since these early developments a number of special 
exchangers have been developed synthetically which exhibit ion specific preference [48], 
macroporosity [49], variations in cross-linking [50], and chelation functionality[51]. 
 
The principle of ion exchange is based on a mass transfer process.  A stoichiometric 
equivalent number of ions in solution exchange with ions in the resin until an equilibrium is 
reached, or more specifically, until the chemical potential in both phases reaches unity [52].  
The general process is outlined in Equation 1: 
 
Equation 1   𝒛𝒛𝑩𝑩 𝑨𝑨𝒛𝒛𝑨𝑨����� +  𝒛𝒛𝑨𝑨 𝑩𝑩𝒛𝒛𝑩𝑩  ↔   𝒛𝒛𝑩𝑩 𝑨𝑨𝒛𝒛𝑨𝑨 +  𝒛𝒛𝑨𝑨 𝑩𝑩𝒛𝒛𝑩𝑩�����  
Resin phase co-ordination of ions is represented by a bar; z is the ionic charge;  A and B are 
counter ion species with A being originally loaded onto the resin. 
 
An ion exchange process generally favours higher valence ions.  This is captured in three 
important rules of species preference described in the literature [50, 53]:  
• Electrostatic interactions between the resin charged framework and the counter ion 
depends on the size and valence 
• Environmental effects 
• Steric strain 
Electrostatic interactions between exchanger functional groups and exchanging counter ions 
underpins the chemistry of ion exchangers.  An approaching ion will look to displace a 
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 resident ion through providing a more attractive chemical environment to the exchanger, 
which may be achieved through the aforementioned points, primarily size and valence.  The 
size of the approaching counter ion is understood through the hydration radius of the ion 
[Figure ].  Hydration spheres are well known and researched properties of various ions and 
can be found in many places throughout literature [54-56].  The influence of a hydrated ion 
is related to size and charge, whereby a like charge in a smaller hydrated volume will be 
preferred.  In systems where physical sieve action is present, such as in natural zeolites, this 
relationship can be skewed. Lattice forces within a zeolite are able to overcome the 
hydration size and can exclude ions instead on their ionic radii [57].  
 
 
Figure 5: Hydrated ionic radii [56] 
 
The second important principle related to electrostatic interaction with exchanger sites is 
the valence of the counter ion.  A larger charge and point-charge will in most cases be 
preferred by the exchanging functional group.  There are, of course, exceptions to these 
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 general electrostatic principles, such as in the case of complexation with particular ions.  A 
good example of such behaviour is through the strong preference of dipicrylamine 
functional group resins for potassium [50].  Specific resins of this nature tend to have some 
kind of irreverseable co-ordination or reaction that drives the reaction in favour of this 
specific interaction. 
 
Environmental effects relate to the matrix in which the resin is placed, which contains co-
ions (the charge balancing species), counter-ions (the species’ being exchanged),  a specific 
overall concentration, pH, and other factors that affect the availability of the counter ions in 
solution. 
 
Co-ion interactions with ions of opposite charge in solution are often an afterthought in ion 
exchange theory.  The dissociation of salts in solution is taken for granted , and as such,  the 
effect of interactions between these solution based species are neglected.  There have been 
attempts in the literature to account for the effect of the counter ion species by some 
authors [58, 59] utilising the equilibrium vales of salt species in solution and the method 
provided by Kester and Pytkowicz [60].  Utilisation of such data has been shown to enchance 
modelling predictions for a variety of ions [59]. 
 
Solution concentration is a very important factor in the uptake of counter ions in solution 
into the exchanger phase.  In terms of kinetics, the influence of solution concentration can 
be understood through conceptualisation of Donnan Potential Theory [50, 61].  Donnan 
theory states that initial contact with a solution results in an initial crossover of counter-
ion/co-ion pairs from solution to the exchanger phase.  This initial transfer of co-ions results 
in a net negative charge due to the displacement of the initially complexed counter ion from 
the exchanger phase by the displacing counter ion from solution, and the existence of the 
now isolated co-ion in the exchanger phase.  This net negative charge has the effect of 
drawing counter ions from solution to the exchanger and excluding co-ions, and the effect is 
inversely proportional to the solution concentration [50].  Solution concentration also 
effects the adsorption potential of the exchange and is proportional to a rising 




 Steric strain is a physical restriction related to the structure of the resin. Industrial resins are 
a highly cross-linked hydrocarbon matrix carrying acidic or basic functional groups that exist 
in gel or macroporous forms. While there are numerous charged functional groups that 
impart functionality, the following list encapsulates the main candidates for cation water 
softening use [62]: 
• -COOH which is weakly ionised to –COO- (Weak acid cation; WAC) 
• -SO3H which is strongly ionised to SO3- (Strong acid cation; SAC) 
• -NH2 that weakly attracts protons to form NH3 (typically found in zeolites) 
• Secondary and tertiary amines that also attract protons weakly 
• -NR3+ that has a strong permanent charge (R stands for some organic group) 
 
In terms of cation exchange, the functional groups usually consist of some form of sulfonic 
acid (SAC) or caboxylic acid (WAC) [63, 64].  The type of resin and degree of crosslinking can 
both promote and restrict access to the resin surface [50].  In addition, the structural 
properties of the resin influence chemical and thermal stability of the resin, and the 
resistance of the resin to deterioration.  The physical breakdown of a resin in this sense is 
linked to oxidation, thermal hydrolysis, and/or mechanical breakdown and attrition, and in a 
general sense the resistance to these factors can be reduced through increasing cross-





Figure 6: Representation of an ion exchange resin (gel resin) [65] 
 
The pH of the external solution is extermely important in the operation of an ion exchanger. 
In water softening the target ions to be removed are the positive ions Ca, Mg, Sr, and Ba, 
and as such, acid-based ion exchangers are used. SAC and WAC resins have vastly different 
chemistry, and thus, vastly different roles to play in CSG water softening.  In the case of a 
SAC resin, the central sulphur atom from the sulphonic acid functional group is highly 
electronegative, resulting in a distribution of electrons to adjacent oxygen atoms.  On the 
contrary, the central carbon atom in the carboxylic acid group of a WAC is rather neutral 
[66]. The net effect of this key difference is an increase in acidity.  Since the pKa value of the 
functional group is related to the operating pH range (i.e. the group becomes relatively 
nonionic at pH lower than the pKa value) a SAC resin has the advantage of working under 
more acidic conditions [50].   
 
Three other key differences separate the two resin types in relation to effectiveness in 





 • Regeneration efficiency 
 
2.2 Capacity 
The capacity of an exchanger, be it synthetic or naturally occuring, refers to the physical 
number of exchange sites available per unit amount.  In a naturally occuring exchanger such 
as a zeolite, a large aluminosilicate structure supports functional sites where ion exchange 
can take place. Synthetic resins, similarly, exhibit functionality supported by a large polymer 
structure [67]. The functional sites in these synthetic resins are extremely tuneable, 
resulting in the ability to produce weak to strongly acidic/basic functionality, as well as a 
large variety of specific types of functional site for specific ion interactions, such as chelating 
resins.  The number of these sites varies across resin types, whereas WAC  resins typically 
have a larger capacity than SAC resins [63].  The measured capacity of an ion exchanger is 
related not only to the physical number of sites available, but can also be influenced by 
Superequivalent Ion Exchange (SEIX) mechanisms, such as pore-loaded sorption [68].  This 
latter mechanism, according to Helferrich, is inseperable from the actual process of ‘ion 
exchange’, and while not following the mass transfer rules of ion exchange, should be 
considered in any attempt at understanding the behaviour of transferring ions [50]. 
 
2.3 Kinetics 
Our understanding of the kinetics of ion exchange systems are historically built upon 
solution phase systems, such as the Nernst-Planck and Maxwell-Stefan derivations [69-71]. 
Essentially, these models consider a finite number of friction-like effects acting upon all 
elements within the system and attempt to describe a system based on these elements.  For 
example, a system where a H+ loaded resin is in contact with a NaCl solution can be 
described firstly by interactions between elements within the solution (both counter ions, 
the co-ion, water), and finally by interactions within the exchanger itself (both counter ions, 
the co-ion, water, functional exchange sites).  The significance of some of these interactions 
is less than others (for example co-ions inside the exchanger, while prevalent under 
particular conditions, is generally so small that it can effectively be neglected), and in some 
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 cases, particular to an exchanger type (zeolites do not swell, therefore water/functional 
group interactions are not necessary) [70]. 
 
Taking a broader view of exchange kinetics, and from a perspective of system interaction, 
first a number of definitions must be made. These are described as [50]: 
• System – Partial or complete exchange of counter ions in a well-stirred solution of 
counterions. 
• Mechanism – Redistribution of A and B by diffusion, a process which does not 
involve actual chemical reaction in which neither co-ions nor fixed ionic groups play 
an active role 
• Rate-controlling step – Diffusion within the bead or in the film layer (these occur as 
sequential steps) 
 
The first kinetic mechanism an ion will face approaching an exchanger is diffusion across the 
film layer. This layer, as described by the Nernst-Plank equations, is a layer of zero 
turbulence separated from solution by a sharp boundary [72].  The effect of this layer is 
most prominent in low concentration solutions and under these conditions would be 
expected to control the rate of exchange.  To understand the film diffusion phenomenon 
and why it is significant in low concentration solutions, one must consider the effect of ion 
mobility of the resident and exchanging counter ions. Consider the following scenarios: 
 
 
Figure 7: Schematic of two ions starting at different positions in the system 
 
Figure  represents an exchange system consisting of the same elements in reverse order.  It 
could be reasonably expected that kinetically the systems are the same.  However, in a 
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 solution of low concentration the system where the more mobile ion is initially loaded on 
the exchanger (H+ in this case), the high diffusion rate leads to an accumulation of the ion in 
the ‘film’ due to the produced electric field, resulting in a ‘film’ concentration of H+ ions in 
excess of the bulk solution.  The excess concentration has the effect of enhancing mass 
transfer, and thus, results in a faster exchange [70]. 
 
A second major rate determining step is the diffusion within the exchanger itself. An ion 
progressing through an exchangers’ structure must navigate through framework structure 
and along more tortuous paths, and can often be impeded by steric restriction and 
retardation by other similarly charged ions [50, 67].  
 
 
Figure 8: Diffusion in homogeneous and heterogeneous media indicating obstruction and 
tortuosity of paths faced by traversing ions [50]. 
 
With this in mind, it is obvious to that diffusion within an exchanger is far slower than 
diffusion within the external solution, and thus, mobility of the ion will almost never be 
described under ideal conditions.  Other mechanisms such as boundary crossing and 
reaction at functional sites have been considered in the literature, however, except in the 
most marginal cases (such as very specific chelating resins), and have been shown to be 





 Resin regeneration is extremely important to an industrial process as it effects  the optimal 
operating capacity of the exchange system due to required downtime of the regeneration 
process, and the type, quantity and concentration of regenerant required.  The speed at 
which regeneration takes place and the amount and type of regenerant required in this 
process are linked heavily not only to kinetics of the particular exchanger, but to the 
exchanger functionality, and are key concerns to be made in the process [47, 73].  All of 
these elements have an associated cost, and ideally want to be mimised where possible.  In 
this regard a WAC resin has a major advantage.  WAC resins are able to be regenerated 
using dilute acid at slight excess stoichiometric quantity due to the affinity of the carboxylic 
acid group for H+ ions, whereas a SAC resin requires a highly concentrated regenerant [64].  
In terms of cost and safety it is obvious that a smaller volume of less concentrated 
regenerant is favourable.  The downside is that the high affinity for H+ ions requires the 
process feed to be alkaline, limiting the potential applications. 
 
There are various methods in the literature that attempt to quantify the ion exchange 
process on a laboratory scale.  This is done in terms of equilibrium, kinetic, and column 
studies.  
 
2.5 Ion exchange equilibrium modelling 
Ion exchange equilibrium analysis is a highly theoretical discipline, with a slew of modelling 
processes to invoke existing in the literature [74].  A number of key findings have been 
made since the early days of theoretical development which have shaped the landscape in 
which ion exchange equilibrium modelling exists within today. Traditionally ion exchange 
modelling has fallen into three categories: 
• Homogeneous mass action models  
• Heterogeneous adsorption models  
• Heterogeneous mass action models 
 
More modern modeling developments have addressed multicomponent solutions.  Typically 
these systems are modeled through data produced in simpler binary systems.  The literature 
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 has highlighted requisite criteria for any model attempting to predict multicomponent ion 
exchange equilibria as follows [75]: 
1. Model parameters must be independent of solution concentration 
2. Model parameters must remain constant in the presence of co-ions 
3. Internal consistency of the model must be maintained 
4. The model must be able to be applied to systems of at least four exchanging ions 
 
2.5.1 Homogeneous mass action models 
Homogeneous mass action models  are perhaps the most well studied and highly regarded 
models in the literature.  The principle here is that ion exchange follows the principle of 
mass action (equation 1).  These models include variables known as activity coefficients that 
explain deviations from ideal behaviour in both the solution and resin phases.  Solution 
activity models are generally chosen from a pool of well-known models, namely: Debeye-
Hückel, Hückel, Bromley, Guggenheim, Meissner and Kusik [74], and Pitzer [76, 77].  Of 
these listed, the Pitzer model is by far the most popular with the majority of modern 
modeling efforts making use of its activity predictions [59, 75, 77-82].  It’s strength lies in 
both it’s predicitve concentration range and the ability of the model to be adapted to 
multicomponent equilibria, however, it has been shown that others, particularly the 
Meissner and Kusik model, perform similarly [83]. 
 
Exchanger models have been a little slower to develop due mainly to difficulties related to 
measurement of the phase itself.  The four prominent models outlined in literature are 
Wilson, Margules , NRTL and UNIQUAC.  There have been a number of literature 
comparisons of these four models [74, 82-84] which show that the Wilson model 
consistently outperforms the others in terms of predictive accuracy and suitability for 
extension to more complex models.  Application of these activity models to a broader 
thermodynamic context is, inevitably, the goal of a modelling process. Their existence, in 
fact, can be related to the unmeasureable qualities of an ion progressing through solution 
and into the resin, and as such, take into account all considered and all unconsidered 
factors, and place them into a single variable.  This variable is essentially a modification 
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 factor, despite being described otherwise, and depending on the needs of the particular 
model will either positively or negatively affect the shape of the desired isotherm.  
 
The equilibrium constant (𝐾𝐾𝐵𝐵𝐴𝐴) of the above system can be expressed as: 
Equation 2   𝑲𝑲𝑩𝑩𝑨𝑨 = �𝜶𝜶𝑨𝑨�𝜶𝜶𝑨𝑨�𝒛𝒛𝑩𝑩 �𝜶𝜶𝑩𝑩𝜶𝜶𝑩𝑩��𝒛𝒛𝑨𝑨   
Or, using mole fractions and activity coefficients, as: 
Equation 3   𝑲𝑲𝑩𝑩𝑨𝑨 = �𝒚𝒚𝑨𝑨𝒒𝒒𝑨𝑨𝝌𝝌𝑨𝑨 �𝒛𝒛𝑩𝑩 � 𝝌𝝌𝑩𝑩𝒚𝒚𝑩𝑩𝒒𝒒𝑩𝑩�𝒛𝒛𝑨𝑨 �𝜸𝜸�𝑨𝑨𝜸𝜸𝑨𝑨�𝒛𝒛𝑩𝑩 �𝜸𝜸𝑩𝑩𝜸𝜸�𝑩𝑩�𝒛𝒛𝑨𝑨  
To simplify, activity coefficients in both phases can be removed, resulting in a value termed 
the modified equilibrium constant, which is related to the commonly used equilibrium 
quotient by the following relationship: 











Equation 5   𝝀𝝀𝑩𝑩𝑨𝑨 = 𝝀𝝀𝑩𝑩𝑨𝑨𝜾𝜾 �𝜸𝜸𝑩𝑩𝒛𝒛𝑨𝑨𝜸𝜸𝑨𝑨𝒛𝒛𝑩𝑩�  
Equation 6   𝑲𝑲𝑩𝑩𝑨𝑨 = 𝝀𝝀𝑩𝑩𝑨𝑨 �𝜸𝜸�𝑨𝑨𝒛𝒛𝑩𝑩𝜸𝜸�𝑩𝑩𝒛𝒛𝑨𝑨�  
Equation 7   𝒍𝒍𝒍𝒍�𝑲𝑲𝑩𝑩𝑨𝑨� =  𝒍𝒍𝒍𝒍�𝝀𝝀𝑩𝑩𝑨𝑨� + 𝒍𝒍𝒍𝒍�𝜸𝜸�𝑨𝑨𝒛𝒛𝑩𝑩� − 𝒍𝒍𝒍𝒍�𝜸𝜸�𝑩𝑩𝒛𝒛𝑨𝑨�  
 
As can be seen, the difference between the outlined constants are related to the inclusion 
of activity coefficients for respective phases in such a way that the equilibrium constant 
accounts for activities in solution and exchanger phases (Equation 2  
 KBA = �αA�αA�zB �αBαB��zA); the equilibrium quotient accounts for solution activity and 
assumes ideality in the exchanger (Equation 5   λBA = λBAι �γBzAγAzB�); and the 











).  These are often used interchangeably in the literature, so 
it is important to outline the difference here for purposes of understanding the rigour that is 
applied to analysis as one transitions between the variables. 
 
The calculation of 𝐾𝐾𝐵𝐵𝐴𝐴 is achieved using two approaches.  First, the Gaines-Thomas and 
Argersinger [85, 86] method requires calculation of a quantity known as the corrected 
18 
 
 selectivty coefficient (Equation 8   KaBA =  yAzBaBzAaAzByBzA = KBA  �γ�BZAγ�AZB� ).  This 
quantity is a variation of equation 8 that assumes the activity in the exchanger phase as the 
resin equivalent ionic fraction (Equation 9   yA =  ZACAZACA+ ZBCB ). 
Equation 8   𝑲𝑲𝒂𝒂𝑩𝑩𝑨𝑨 =  𝒚𝒚𝑨𝑨𝒛𝒛𝑩𝑩𝒂𝒂𝑩𝑩𝒛𝒛𝑨𝑨𝒂𝒂𝑨𝑨𝒛𝒛𝑩𝑩𝒚𝒚𝑩𝑩𝒛𝒛𝑨𝑨 = 𝑲𝑲𝑩𝑩𝑨𝑨  �𝜸𝜸�𝑩𝑩𝒁𝒁𝑨𝑨𝜸𝜸�𝑨𝑨𝒁𝒁𝑩𝑩�  
Equation 9   𝒚𝒚𝑨𝑨 =  𝒁𝒁𝑨𝑨𝑪𝑪𝑨𝑨𝒁𝒁𝑨𝑨𝑪𝑪𝑨𝑨+ 𝒁𝒁𝑩𝑩𝑪𝑪𝑩𝑩  
The corrected selectivity coefficient is related to the equilibrium constant as seen in the 
right hand side of equation 9. Equation 11, below, also outlines a relationship between the 
two values and is the method of evaluation as used by the Gaines-Thomas approach.  The 
equation requires integration of corrected selectivity coefficient for a series spanning 0 to 
complete resin loading. 
Equation 10   𝐋𝐋𝐋𝐋𝑲𝑲𝑩𝑩𝑨𝑨 = (𝒛𝒛𝑩𝑩 − 𝒛𝒛𝑨𝑨) + ∫ 𝑳𝑳𝒍𝒍𝟏𝟏𝟎𝟎 𝑲𝑲𝒂𝒂𝑩𝑩𝑨𝑨 𝒅𝒅𝒚𝒚𝑨𝑨   
This is an extremely robust method that has seen much use in literature, however, its 
shortcoming is related to difficulty that often arises in attempting to achieve full resin 
loading where, instead, extrapolation is drawn from known data to the final point leading to 
gross inaccuracy [82]. Further considerations must be made as to the separation of ion 
exchange and sorption mechanisms that exist at all times throughout an exchanger, and 
whether these two (or more) phenomena can be described by the same set of equations. 
 
A method developed by Ioannidis et al. [87] allows the thermodynamic constant to be 
estimated from an incomplete data set, alleviating the aforementioned issue.  Where the 
Gaines-Thomas approached used equivalent fraction the Ioannidis et al. method instead 
calls upon the Vanselow model[88], and thus, mole fractions. Equation 12 and 13 below 
outline this method. 
Equation 11   𝑲𝑲𝒂𝒂𝑩𝑩𝑨𝑨 = 𝒍𝒍𝒍𝒍𝑲𝑲𝑨𝑨𝑩𝑩 +  𝒍𝒍𝒍𝒍𝒇𝒇𝑩𝑩𝒁𝒁𝑩𝑩 −  𝒍𝒍𝒍𝒍𝒇𝒇𝑨𝑨𝒁𝒁𝑨𝑨  
Equation 12   𝐥𝐥𝐋𝐋 𝒇𝒇𝑩𝑩
𝒁𝒁𝑩𝑩(𝑸𝑸𝟏𝟏)
𝒇𝒇𝑩𝑩
𝒁𝒁𝑩𝑩(𝑸𝑸𝑸𝑸) + 𝐥𝐥𝐋𝐋 𝒍𝒍𝒍𝒍𝒇𝒇𝑨𝑨𝒁𝒁𝑨𝑨(𝑸𝑸𝑸𝑸)𝒍𝒍𝒍𝒍𝒇𝒇𝑨𝑨𝒁𝒁𝑨𝑨(𝑸𝑸𝟏𝟏) = 𝒍𝒍𝒍𝒍𝑲𝑲𝒂𝒂𝑩𝑩𝑨𝑨 (𝑸𝑸𝟏𝟏)−  𝒍𝒍𝒍𝒍𝑲𝑲𝒂𝒂𝑩𝑩𝑨𝑨 (𝑸𝑸𝑸𝑸)  
Where fi is the rational activity coefficient of species I (rational refers to the mole fraction). 
 
This method requires selection of a reference point (Q1) from within the data and then 
calculation of all points ln𝐾𝐾𝑎𝑎𝐵𝐵𝐴𝐴 (Q2). The differences 𝑙𝑙𝑙𝑙𝐾𝐾𝑎𝑎𝐵𝐵𝐴𝐴 (𝑄𝑄1)−  𝑙𝑙𝑙𝑙𝐾𝐾𝑎𝑎𝐵𝐵𝐴𝐴 (𝑄𝑄2) are computed, 
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 and the parameters of the activity coefficient model adopted for 𝑦𝑦�𝑖𝑖  are optimised by 
minimising the sum of residuals from equation 7 [74].  In both cases, however, it should be 
noted that a defined capacity must be used, which can be a problematic value to obtain. 
 
2.5.2 Heterogeneous adsorption models 
Models falling into this category describe ion exchange as an adsorption process.  
Historically popular adsorption models such as Langmuir [89] and Freundlich [90] have been 
used extensively in the literature [80, 91-93] as well as more modern statistical 
thermodynamic approaches based on the Monte Carlo numerical method [75, 94].  These 
models make no assumption about solution or exchanger phase activities but instead focus 





Langmuir Vageler Model 
The Langmuir Vageler model was first reported by Vageler and Woltersdorf [95, 96] and 
involved the correlation of the starting solution conditions and the equilibrium loading of 
the species of interest on the sorbent material as illustrated in Equation 13 . 
 








Multiplying through by �𝑉𝑉𝐶𝐶𝑜𝑜
𝑚𝑚
� results in equation 15, below. 
 






where qe = equilibrium loading of calcium ions on the resin (mmol/g); V = volume of solution 
(L); m = mass of resin (g); Co = initial concentration of calcium ions in solution (mmol/L); qmax 
is the maximum (monolayer) loading of calcium ions on the resin (mmol/g); and, KLV = a rate 
20 
 
 coefficient termed the “half value” which implies that when the�VCo
m
� term (hence forth 
known as the driving force) is equal to the “half value” the loading can be expected to have 
reached half of capacity.   
 
Competitive Langmuir Model 
The Competitive Langmuir expression is different from other sorption models presented 
here in that it relates more to an ion exchange process as it takes into account the presence 
of both ions involved in the exchange [97].   Based upon the law of mass action, the 
expression in Equation 15 can be derived. 
Equation 15   qe,Ca2+  =   k qmax Ce,CaCo+ (k−1) Ce,Ca 
Where, qe,Ca represents the loading of the calcium ions on the resin at equilibrium (mg/g) 
and Ce,Ca is the concentration of calcium ions in solution at equilibrium (mg/L).  The system 
must have a mass balance wherein qmax (meq/L) = qe,Na (meql/L) + qe,Ca (meq/L) and Co 
(meq/L) = Ce,Ca (meq/L) + Ce,Na (meq/L).  
 
The model is built on four fundamental assumptions: 
• The surface of the adsorbent is uniform 
• Adsorbed molecules do not interact 
• All adsorption occurs through the same mechanism 
• At the maximum adsorption only a monolayer is formed 
 
Freundlich Model 
The Freundlich isotherm expression [Equation 16] has been used in numerous studies of 
sorption systems.  Originally it was an empirical model based upon physical observations, 
but shown in later years to be based upon fundamental physical principles [98, 99]: 
Equation 16     𝒒𝒒𝒆𝒆  =   𝑲𝑲𝑭𝑭 𝑪𝑪𝒆𝒆𝟏𝟏 𝒍𝒍𝑭𝑭�    





 The KF value derived in this model is a loose approximation of exchange capacity, while 1/nF 
represents the strength of the exchange process. When n = 1 the two phases are 
independent of concentration; if 1/n < 1 normal adsorption can be reported; if 1/n > 1 
cooperative adsorption is observed to take place [100]. 
 
Aranovich-Donohue Model 
The Aranovich-Donohue (AD) equation is suitable for modelling isotherms with the ‘L3’ 
profile according to the classification reported by Hinz [101].  Aranovich and Donohue [102] 
developed a general sorption equilibrium expression which allowed for not only monolayer 
uptake of sorbate but also multi-layer formation.  In theory, any isotherm equation can be 
incorporated into the Aranovich and Donohue model which takes the following form 
[Equation 17]: 
 




Where, f(Ce) describes any Langmuir derivative; 𝟏𝟏 − (𝐶𝐶𝑒𝑒𝐶𝐶0)𝑑𝑑 describes the singularity that 
allows for multilayer modelling [103]. 
 
Double Selectivity Model 
Bricio et al. [104] proposed a model based on the law of mass action relating to the study of 
styrene-divinylbenzene (DVB) based, synthetic resins.  The model allowed for two different 
mechanisms for ion uptake, in this case assumed to be active sites which were conceptually 
associated with functional groups located on either the styrene or DVB components.    
 
The distribution of the two sites was described by the value r, which was said to represent 
the degree of cross-linking in the example of Bricio et al. [104], albeit r was fundamentally a 
means to assign the resin capacity for binding ions from solution between two types of site 
or exchange processes.  The equivalent fraction of a particular ion in the resin was 
subsequently described by Equation 18. 





     𝑌𝑌𝑖𝑖 =  𝑧𝑧𝑖𝑖𝑦𝑦𝑖𝑖∑ 𝑧𝑧𝑗𝑗𝑦𝑦𝑗𝑗𝑛𝑛𝑗𝑗=0  yi is the mole fraction of component i; Yi is the equivalent fraction of component i. 
 
The rational selectivity coefficient, Ki′, of each phase being as shown in Equation 19. 
Equation 19    𝐊𝐊𝐢𝐢′ = 𝐲𝐲𝐢𝐢𝐳𝐳𝐣𝐣(𝟏𝟏−𝐱𝐱)𝐳𝐳𝐢𝐢(𝟏𝟏−𝐲𝐲𝐢𝐢)𝐳𝐳𝐢𝐢𝐱𝐱𝐳𝐳𝐣𝐣 
The equilibrium isotherm can then be explained by [Equation 20]. 
Equation 20     
𝑌𝑌𝐵𝐵 = 𝑟𝑟 𝐾𝐾1′𝑥𝑥1 + (𝐾𝐾1′ − 1)𝑥𝑥 + (1 − 𝑟𝑟) 𝐾𝐾2′𝑥𝑥1 + (𝐾𝐾2′ − 1)𝑥𝑥 
 
2.5.3 Heterogeneous mass action models 
Heterogeneous mass action models differ from their homogeneous counterparts through 
the assumption of either ideality in both the solution and exchanger phases or only in the 
exchanger phase.  Principally these models recognise the presence of two or more resin 
sites, which are modeled through the superimposition of two ideal mass action laws [57, 
82].  A good example of a  heterogeneous mass action model is a model developed by Melis 
et al. [105] which assumes ideality in both phases in respect to exchanging ions, and handles 
changing experimental conditions through the characterisation of two different exchanger 
sites.  The model allows for a given fluid phase, Xi, the calculation of the corresponding 
equilibrium composition of the resin phase, Yi through summing the loading values of each 
of the two exchanger sites, yi,1 and yi,2. Recently, the method developed by Melis et al. [105] 
has been adapted to a multicomponent model which incorporates the Pitzer model for 
determination of solution activity [75].  
 
3. Thesis progression 
Chapter 1 will deal with the procedure of an ion exchange equilibrium experiment.  The 
chapter considers consequences of analytical methods that are commonly used in the wider 
literature through the development of ion exchange isotherms, and discusses in detail the 
process an experimenter should take in developing an isotherm. Further, this chapter 
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 introduces the concept of ‘driving force’ by way of the Langmuir-Vageler equation and 
discusses the importance of the driving force concept in experimental design and analytical 
understanding.  
 
Chapter 2 documents findings based on a simple binary system consisting of Ca2+ and Na+. 
The chapter shows that even in such simple systems complexities arise that can, without 
consideration, greatly affect the outcome of an experiment. The chapter also develops the 
Vageler equation and corresponding ‘driving force’ concepts. 
 
Chapter 3 builds upon the work undertaken in chapter 2 by way of extending the 
equilibrium ion exchange analysis through to other binary systems, namely: Mg2+, Ba2+, and 
Sr2+ along with sodium ions loaded on the resin.  
 
Chapter 4 extends work developed in earlier chapters through to more complex 
multicomponent systems.  This chapter looks at ternary systems, and more specifically, the 
interactions that can be seen between ions through solution phase measurements.   
 
Chapter 5 continues to develop understanding of more complex quinary multicomponent 
solutions. Individual analysis of constituent ions is again presented through simple 
adsorption models, focusing specifically on the driving force related changes. The Aranovich-
Donahue modification to the Langmuir equation is introduced as a way of modelling more 
complex ion exchange behaviour. 
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Ce  =  equilibrium concentration of alkaline earth ions in solution (mg/L or 
mmol/L).  
Co  =  initial concentration of alkaline earth ions in solution (mg/L or mmol/L 
or meq/L)  
IEX =  ion exchange  
KLV   =  rate coefficient termed the “half value” 
m   =  mass of resin (g) 
qe  =  equilibrium loading of alkaline earth ions on the resin (mg/g or 
mmol/g or meq/L) 
qmax  = maximum (monolayer) loading of alkaline earth ions on the resin 
(mg/g or mmol/g) 
SEIX  =  super equivalent ion exchange 
V   =  volume of solution (L) 


















 1. Introduction 
In purification science ion exchange materials are the work-horses of waste streams. Often 
used in conjunction with other technologies such as reverse osmosis[1], coagulation [2, 3], 
and filtration methods such as nano-filtration [4] and microfiltration [5]. When paired with 
other technologies, ion exchange can act as pre- or post-function. Ion exchange is able to 
influence solute concentration through the exchange of solution based ions with ions 
resident on the exchanger and tends to act with preference toward ions of high charge and 
low hydration volumes [6]. In water softening the target ions are Ca, Mg, Ba and Sr, all of 
which exhibit a higher exchanger preference when paired with an ion exchange material 
loaded with common counter ions such as H+ or Na+, making it an ideal technology for 
removal of these ions.   
The basic premise of ion exchange is through the stoichiometric exchange of ion(s) in 
solution with ions resident on the exchanger surface[6]. The process of exchange occurs 
based on the affinity of ion(s) in solution for the functional sites on the resin and the rate 
and totality of exchange occurs until equilibrium is reached[7]. Ion exchange can be 
described to be influenced in favour of the following factors: 
• Higher valence 
• Smaller solvated equivalent volume 
• Greater polarisability 
• Greater interaction with fixed ionic groups 
• Low complex formation with counter ion  
Ion exchange equilibrium research is perhaps the most popular avenue of research and is 
undertaken through varying experimental conditions such as volume, mass, or 
concentration in a batch vessel and allowing the system to reach equilibrium. Data 
uncovered is generally analysed through adsorption isotherms such as the traditional  
Langmuir[8] or Freundlich [9] methods, or through more rigorous methods of 
thermodynamics such as the Gaines-Thomas-Argersinger [10].   In either sense, importance 
of producing a ‘good’ or ‘proper’ set of data cannot be overstated. 
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 The question then becomes what is a ‘good’  or ‘proper’ set of IEX data and through what 
experimental conditions should the researcher be approaching this problem? The answer 
lies in the type of analysis the researcher wishes to conduct. Adsorption isotherms have no 
specific requirements and seek to draw empirical observations on reaction coefficients and 
exchanger capacities. Thermodynamic models that employ phase fractions are more rigid in 
the data required. For instance, the popular Gaines-Thomas method must be employed 
across the entire isotherm profile. To achieve data that satisfies this restriction one must 
create an environment where complete removal of an ion through ion exchange is observed 
at one extreme, and at the other a share of the solution phase that amounts to 100% [10]. 
The Ioannidis method removes this restriction and allows a portion of the isotherm to be 
analysed. It could be assumed that depending on the data chosen under this method that 
one could obtain a completely unrealistic view of the system being studied. In either case, 
the goal of conducting an ion exchange equilibrium experiment should be to obtain as much 
of the isotherm profile as is possible. So how is this done? 
Researchers exploring the topic of ion exchange equilibrium have primarily used two 
methods: Constant concentration [11-13]; Constant mass[14, 15]. In reality a set of data that 
covers this range of conditions is almost impossible to achieve since the process of IEX is 
one of equilibrium, and as such, final loading conditions will always be a balance between 
ions capable of exchanging, which in most cases includes the displaced counter ion. To 
further complicate the matter, an exchanger exhibits an operating capacity which is 
determined by the conditions the exchanger is exposed to, and is often significantly 
different than the theoretical total capacity [6]. 
Regardless, achieving a ‘good’ set of ion exchange data is possible, but the process of 
obtaining such data requires a more transparent approach than is currently undertaken in 
the literature. A recent paper published by our research group looked at the effect of 
‘driving force’ on an ion exchange system. Driving force is essentially the ‘normalised 
concentration’ a unit of resin is subjected to and is related to the concentration, volume, 
and mass by the relationship �𝑉𝑉𝐶𝐶𝑜𝑜
𝑚𝑚
�. The concept is derived from work by Vageler and 
Woltersdorf [16] where the concept of utilising initial conditions in an adsorption modelling 
process was first introduced and can be seen by the equation below.  
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�+ 𝑲𝑲𝑳𝑳𝑽𝑽   
Utilising driving force allows for systematic ion exchange development across changing 
concentrations, masses, and/or volumes. This increased sophistication allows one to 
anticipate the effect of conditions on the equilibrium outcome, which in turn can be useful 
in the experimental development. The goal of this chapter/paper is not to analyse the data 
through any mathematical fitting process, instead what the article will seek to do is to 
describe how to ‘build’ an ion exchange isotherm that best captures the conditions 
desired/required in adsorption and thermodynamic undertakings.  
2. Experimental Apparatus, Material and Procedures 
2.1 Resin 
All experiments undertaken were applied to the MAC-3 resin as supplied by DOW Water & 
Process Solutions. MAC-3 is a weak acid cation functionality by way of the functional 
carboxylic acid groups, and featured a polyacrylic, macroporous structure with a total 
reported exchange capacity of 3.8eq/L. The resin was pretreated from H+ form to Na+ form 
for water softening purposes. The conversion process was undertaken as follows: A quantity 
of wet resin in the “H+” form was placed into a clear u-PVC ion exchange column of 0.05 m 
diameter and subsequently rinsed with purified water at a rate of 15 L/hour for 30 minutes.  
A 4% (w/v) solution of NaOH was then used to convert the resin to the “Na+” form, again at 
a flow rate of 15 L/hour for 30 minutes, at which point conductivity and pH measurements 
of the outlet solution had stabilised.  Finally, the resin was again rinsed several times with 
water to remove any residual NaOH species present.  In addition, the bed was ‘lifted’ 
between each rinse through a brief period of running the rinse water counter-current in 
order to settle the resin beads evenly and prevent channelling. 
2.2 Chemicals 
An aqueous solution of CaCl2 was prepared using ultrapure water to which required 





 2.3 Analysis 
Samples were analysed using a Perkin Elmer Optima 8300 DV Inductively Coupled Plasma 
Optical Emission Spectrometer (ICP-OES) for integration times of 0.15 seconds with 10 
replications. Samples were diluted to a concentration between 1 and 100 mg/L using a 
Hamilton auto-dilutor with 10 mL and 1 mL syringes.  A certified standard from Australian 
Chemical Reagents (ACR) was diluted to form multi-level calibration curves.  An external 
reference was used to monitor instrument drift and accuracy of the results.   
2.4 Equilibrium Studies 
Experiments were undertaken by placing resin in 40mL centrifuge tubes of CaCl2 solution. 
These samples were agitated on a rotary shaker (Ratek Model RSM7DC) at constant 
revolution ca. 50RPM, and were allowed to reach equilibrium over 24 hours at the room 
temperature of 19oC. Resin was then separated from solution and the equilibrium loading 
calculated by the following [Equation 2]:  
Equation 2:    𝒒𝒒𝒆𝒆 =  𝑽𝑽𝒎𝒎 (𝑪𝑪𝒐𝒐 −  𝑪𝑪𝒆𝒆) 
Where: qe = equilibrium loading of calcium ions on the resin (mg/g); V = volume of solution 
(L); m = mass of resin (g); Co = initial concentration of calcium ions in solution (mg/L); and, Ce 
= equilibrium concentration of calcium ions in solution (mg/L).   
2.4 Capacity Measurement 
Resin ion exchange capacity measurements were undertaken as per ASTM standard D2187-
94 [17].  To summarise, a 0.01 N NaOH/NaCl solution was prepared and standardised 
against analytical grade potassium hydrogen phthalate, in triplicate.  Three Nalgene bottles 
were each filled with 200 mL of the NaOH/NaCl solution followed by 2.00 g of wet resin in 
H+ form and placed in an incubator (Innova 42R, New Brunswick Scientific). The samples 
were agitated at 200 rpm for 24 hours at a temperature of at 30 oC.  Finally, 50 mL samples 
were collected from each equilibrated solution and titrated against a standard 0.1 N HCl 
solution to determine the resin capacity.  Analysis revealed that the average cation 





 Table 1: Cation ion exchange capacity data for DOW MAC-3 resin 
Resin Identity Cation Exchange Capacity (meq/g) 
MAC-3 sample 1 
MAC-3 sample 2 





2.5 Resin Moisture Content 
It was important to measure the moisture content of the resin each time it was used in 
order to provide a value that can be compared to following experiments. The moisture 
content was measured for the weak acid cation resin by freeze drying under vacuum.  Three 
representative samples of the resin were weighed into three separate 25 x 50 mm soda 
glass vials using an analytical balance.  Initial weights of the soda glass vials were taken to 
the nearest 0.0001 g and the vials were then re-weighed after the addition of approximately 
1 to 1.5 g of the resin to give an accurate ‘wet’ mass of the resin sample.  The soda glass 
vials were capped to prevent loss of dried resin beds while under vacuum.  The resins were 
dried using a CHRiST Alpha 1-4 LO plus vacuum freezing apparatus set to 0.044 mbar and -
54.0 oC for no less than 24 hours.  After freeze drying, and returning to room temperature 
under vacuum, the soda glass vials were reweighed.  The difference between the ‘wet’ 
weight of the resin and the ‘dry’ weight was calculated and converted to a % mass loss for 
each vial [Table 2].  The total % mass loss was then averaged from the three replicate 
values. 
 
Table 2: Moisture content results for MAC-3 resin 
Sample Moisture content (wt%) 
MAC-3 sample 1 57.06 
MAC-3 sample 2 57.09 
MAC-3 sample 3 57.09 
 
As per the described procedure, the moisture content of the MAC-3 WAC resin was 




 3. Results 
In order to ascertain the effect of the chosen procedure on adsorption models, two 
approaches were taken. The first method was to keep a constant mass of resin across a 
varied concentration range. Two masses were chosen to represent different parts of the 
isotherm curve at points prior to the measured capacity (1.00g) and beyond the capacity 
(0.10g). At these masses, and at the volume and concentrations chosen, each set of data 
could be compared to one another to determine the effect of mass on an isotherm curve, 
and whether the data sets were complimentary.  
Constant concentration experiments were also undertaken at three normalities: 0.050N, 
0.025N, and 0.010N. It has been shown in the literature that a low concentration solution 
produces a ‘sharper’ initial uptake [18] and has been described by the principle of Donnan 
exclusion [6]. These experiments were designed to cover a predetermined driving force 
range (to be discussed) in order for a direct comparison of each isotherm to be possible. 
Constant mass experiments were undertaken using a varied concentration series of Ca.Cl2 
solution on a single mass of resin. The importance of choosing a correct mass to introduce 
to the solution concentration range becomes apparent since it places a restriction on the 
possible driving force values that the resin was to be exposed to. For this set of constant 
mass experiments a value of 1.00g and 0.100g was chosen as it was pre-calculated to 
produce two distinct areas of an isotherm curve. 
3.1 Vageler  
Vageler plots produce an isotherm through use of the driving force value outlined above 
(equation 1) plotted against exchanger loading (mmol/g). These plots differ from traditional 
adsorption isotherms due to the x-axis representing starting conditions rather than the 
equilibrium conditions of a Langmuir-type. Figure 2 represents the constant mass procedure 
and can be seen as two individual plots followed by a consolidated overlay. Figure 1 shows 
the outcome of plotting the constant concentration where each system can be seen 
separately as well as overlayed. 
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Figure 1: Vageler representation of constant mass method; a) 1.0g of WAC resin used; b) 











   
 
  
Figure 2: Vageler representation of constant concentration experiments; a) 0.010N; b) 
0.025N; c) 0.050N; d) Linear relationship of the pre-capacity region; e) Overlay of 0.010N, 
0.025N, and 0.050N constant concentration experiments 
Constant mass experiments plotted in the Vageler form were seen to form two distinct 
segments which when overlayed formed a single isotherm curve. Individually the curves 
acted in a linear fashion, with the high mass/low driving force data forming the initial 
portion of the curve and the low mass/high driving force data forming the latter stages of 
the isotherm.  
Constant concentration plots show the same overall shape as seen in the constant 
concentration experiments with an interesting difference. It has already been stated that in 
constant concentration solutions the relationship before and after the perceived capacity 
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 seems to act as two distinct linear plots. Since a different concentration was used in these 
data sets (whilst maintaining a determined driving force range) it could be expected that 
system-related differences such as Donnan potential [19] or film/particle diffusion 
differences may play a part[20]. A relationship that occurs at approximately 1.2mmol/g of 
‘driving force’ seems to indicate that the effect of concentration in this range had no effect 
on the uptake of the Ca2+ ions. This values correlates very well with our titrated capacity 
value of 1.182 mmol/g. Up to this point the data showed very high linearity (R2 = 0.999) for 
each concentration. At driving force values beyond this deflection point each concentration 
could be seen to increase in loading and follow its own curve in a manner that did not 
necessarily follow a discernible trend, and thus could be attributed to specific system-
related mechanisms.  
 
3.2 Langmuir 
Langmuir plots are by far the most common representation of ion exchange equilibrium 
isotherms and can be seen in publications by many authors [21-24]. These curves are 
represented by plotting equilibrium concentration against loading and form a very 
characteristic shape that can be fitted to a number of common models such as Langmuir[8],  








   
 
Figure 3: Langmuir representation of constant mass experiments; a) 1.00g; b) 0.10g; 











   
  
Figure 4: Langmuir representation of constant concentration experiments; a) 0.010N; b) 
0.025N; c) 0.050N; d) Overlay of 0.010N, 0.025N, and 0.050N constant concentration 
experiments 
Each Langmuir plot represents a unique set of results that correspond to the set of variables 
in which the experiment was undertaken. The most important consideration to make in 
evaluation of these curves is the solution concentration, since it is the variable that 
essentially dictates the ease of comparison between various experimental conditions.  
Constant mass experiments using the same range of concentrations can again be seen to 
portray two different sections of the curve. In early stages of equilibrium concentration the 
exchanger is not completely loaded (1.00g of resin) so the loading value increases quickly 
while the resin is not completely exhausted.  When a smaller amount of resin (0.10g) is 
subject to the same concentration range it can be seen that the equilibrium concentration is 
much higher, since only small quantities of Ca are able to be removed from solution before 
exhausting the resin, resulting at a plateau at approximately 1.2 mmol/g of resin.  
Constant concentration experiments are essentially stand-alone isotherms and can be seen 
to produce very similar shaped isotherms. Each isotherm plateaus at approximately 1.20 
mmol/g of resin before continuing into a second accelerating tail as the equilibrium 
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 concentration approaches stock. Overlaying these isotherms does not produce any 
meaningful comparison since equilibrium concentration is dependent on concentration, and 




As can be seen an ion exchange isotherm can be constructed using either the constant mass 
or concentration methods outlined above. Any constructed ion exchange experiment is 
potentially incorrect in regard to error carrying, incomplete or incorrect data analysis, 
and/or unforseen experimental shortcomings [26]. Understanding the derived isotherm 
points and how to obtain a segment of an isotherm curve is imperative in ion exchange 
procedure – regardless of your chosen experimental method. 
4.1 Constant mass 
Based on the driving force concept, it should be expected that a lower mass at the same 
concentration be exhibited to a higher driving force, and as such, an improved loading 
capacity as per a previous publication [27]. It is no surprise then, that loading is seen to be 
increased in the experiment where a smaller mass was used. However, the most important 
concepts derived from the constant mass data are intimately related to understanding how 
driving force is related to experimental conditions. 
It can be seen in the figures mentioned that two different masses at the same range of 
concentration can be overlapped to produce a single isotherm. This is the result of the 
driving force that is explicitly related to the volume, mass, and concentration variables 
within the experimental environment. As per equation 1, a lower mass results in a higher 
driving force when all else remains the same. Thus, what is achieved by using different 
masses is the production of isotherm points of specific driving force, which can be shown 
through the Vageler isotherm to follow a predictable shape, and therefore be located at 




 When using Langmuir to analyse such differences, problems arise due to the absence of a 
variable representative of initial conditions. These problems can obscure results since the 
underlying driving force is hidden, and with the loading intimately connected to the driving 
force, the equilibrium concentration and loading values can be related to low, high, or any 
driving for value in-between. This is problematic since the figures shown clearly display that 
the effect of an elevated driving force is a higher loading value.  
For instance, as our research group has shown, produced isotherms utilising the constant 
mass procedure using three different concentrations has been shown to produce isotherms 
that indicate different loading values when plotted in the Langmuir form[28]. This would 
indicate that each isotherm is unique, and that if concentration is changed comparison 
between different isotherms would yield a variation of different experimental results. Using 
the same data plotted as a Vageler plot, however, shows that in fact these data sets were 
comparable, and that they simply exist as different driving force values, and thus, yield 
different loading. 
Summary: non-normalised plots such as Langmuir produce information that can’t 
completely be compared to changing conditions. Vageler plots indicate that the derived 
loading values of a constant mass experiment are simply a function of the driving force 
applied to the resin, and as such, can be overlayed to produce a single curve.  
4.2 Constant concentration 
All of the above matters are applicable to the constant concentration method also, but 
where constant mass isotherms require overlap of multiple masses to achieve a large driving 
force range, the variation of mass in a constant concentration occurs on a point-by-point 
basis. The outcome of this method is the tailoring of masses based on the chosen 
concentration, and allows systematic design across multiple concentrations for a specific 
driving force or driving force range. This is, in fact, how constant concentration experiments 
were designed throughout this thesis, and shall be outlined below. 
The choice of driving force range is a semi-arbitrary one. There are a couple of important 
considerations, however, which will affect the analysis. Firstly, an approximation of ion 
exchange capacity must be known and can be achieved through ‘feeler’ experiments for a 
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 particular exchanger, reverse engineered through manufacturer product data sheets [29, 
30], or titrated using a standard method [17]. The ion exchange capacity is important since it 
allows for a pivot point at which to place isotherm points around. Using a Langmuir plot as 
reference (0.010N; Figure 4: Langmuir representation of constant concentration 
experiments), the capacity is represented by the beginning of the plateau region. Before 
this point should exist a number of isotherm data points to allow for a clear trend to be 
seen. Similarly, a number of points beyond the capacity should be allowed for to represent 
the beyond capacity exchanger behaviour. These points will also be represented on the 
Vageler plots by the relative representative sections described earlier. 
To achieve a varied driving force range with a constant concentration one must leverage 
one or both of the two remaining variables – volume and/or mass. Since a comprehensive 
set of experiments has not been undertaken to validate the effect on driving force of varied 
volume, and for quality of life reasons regarding experimental simplicity and reduction of 
the number of errors possible, a sequence of different exchanger masses can be used whilst 
keeping a constant volume and concentration.  
An effective way to achieve an isotherm that can be applied to changing experimental 
variables is through the development of specific set of desired driving force values. These 
values can then be used to determine the resultant masses. An example can be seen in the 
table below. 
Number of data points = 20 
 Exchanger capacity ~ 1.2meq/g (wet resin as delivered from supplier) 
 10 data points before and after 1.2meq/g 







 Table 3: Example isotherm construction 
Volume (mL) Concentration (N) Target Driving Force 
(meq/g) 
Resultant mass (g) 
40 0.025 0.10 5.000 
40 0.025 0.20 2.500 
40 0.025 0.30 1.667 
40 0.025 0.40 1.250 
40 0.025 0.50 1.000 
40 0.025 0.60 0.833 
40 0.025 0.70 0.714 
40 0.025 0.80 0.625 
40 0.025 0.90 0.556 
40 0.025 1.00 0.500 
40 0.025 1.20 0.417 
40 0.025 2.0 0.250 
40 0.025 3.0 0.167 
40 0.025 4.0 0.125 
40 0.025 5.0 0.100 
40 0.025 6.0 0.083 
40 0.025 7.0 0.071 
40 0.025 8.0 0.063 
40 0.025 10.0 0.050 
40 0.025 20.0 0.025 
  
The points surrounding the pivot (at approximate capacity – underlined and bolded for 
effect) can be allocated depending on the method of analysis. If the aim of the experiment 
was to determine the effect of certain variables on the ion exchange properties of an 
exchanger then a large number of points before capacity should be selected. Contrarily, if 
post-exchange mechanisms were being studied then a large number of points beyond 
capacity should be selected to produce a reliable trend in that region. As such, the target 
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 driving force values should be determined on a fit-for-purpose manner to produce the best 
data for the desired outcome. To further improve reproducibility of experiments across 
varied concentration, one can simply adjust the masses by a ratio of desired concentration 
to that of a standard set. 
This method can also be extended to multi-component systems through use of individual 
ion concentrations that when summed add up to a total suitable concentration. In this case 
target normality would be chosen (normality to allow for increased valency and 




Regions of the isotherm curve can be understood through a more sophisticated design and 
understanding of the fundamental underlying principles that constitute the driving force 
concept: Volume, concentration, and mass. An exchanger can be exposed to a variety of 
different conditions that produce a variety of different fractional exchanger loading and 
fractional solution population values, and through understanding these conditions at a 
simplistic level one can appreciate that the design of an isotherm curve can be predictable 
and manipulable. 
The work has introduced the Vageler equation to method development and has shown that 
the experimental type – whether it be constant mass or constant concentration – is directly 
related to the driving force in such a way that changing the experimental variables results in 
an overlap prior to a value representative of ion exchange capacity.  
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Exploration of the Fundamental Equilibrium Behaviour of Calcium Exchange with Weak 
Acid Cation Resins 
Graeme J. Millar,* Shannon Papworth, & Sara J. Couperthwaite 
Science and Engineering Faculty, Queensland University of Technology, Brisbane, 
Queensland, Australia 
This study evaluated the complexity of calcium ion exchange with sodium exchanged weak 
acid cation resin (DOW MAC-3).  Exchange equilibria recorded for a range of different 
solution normalities revealed profiles which were represented by conventional “L” or “H” 
type isotherms at low values of equilibrium concentration of calcium ions (Ce), plus a 
superimposed region of increasing calcium uptake was observed at high Ce values.  The 
loading of calcium ions was determined to be ca. 53.5 to 58.7 g/kg of resin when modelling 
only the sorption curve created at low Ce values, which exhibited a well-defined plateau.  
The calculated calcium ion loading capacity for DOW MAC-3 resin appeared to correlate 
with the manufacturer’s recommendation.  The phenomenon of superequivalent ion 
exchange (SEIX) was observed when the “driving force” for the exchange process was 
increased in excess of 2.25 mmol calcium ions per gram of resin in the starting solution.  This 
latter event was explained in terms of displacement of sodium ions from sodium hydroxide 
solution which remained in the resin bead following the initial conversion of the as supplied 
“H+” exchanged resin sites to the “Na+” version required for softening studies.  Evidence for 
hydrolysis of a small fraction of the sites on the sodium exchanged resin surface was noted. 
The importance of carefully choosing experimental parameters was discussed especially in 
relation to application of the Langmuir Vageler expression.  This latter model which 
compared the ratio of the initial calcium ion concentration in solution to resin mass, versus 
final equilibrium loading of the calcium ions on the resin; was discovered to be an excellent 
means of identifying the progress of the calcium-sodium ion exchange process.  Moreover, 
the Langmuir Vageler model facilitated standardization of various calcium-sodium ion 
exchange experiments which allowed systematic experimental design.  
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• Detailed understanding of the behaviour of ion exchange resins for water softening  
• Demonstration of the usefulness of the Langmuir Vageler expression  
• Observation of partial hydrolysis of weak acid cations in aqueous solution 
• Evidence for super-equivalent ion exchange behaviour  
• Suggestion that dissolved salts remain in the interior of the resin beads 
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ARE Average Relative Error 
Ce Equilibrium concentration 
Co Initial concentration of ions in solution 
EABS Sum of the Absolute Errors 
HYBRID Composite Fractional Error Function 
ICP Inductively coupled plasma 
KF Freundlich coefficient 
KLV Rate coefficient termed the “half value”. 
M Mass of resin 
MPSD Marquardt’s Percent Standard Deviation 
nF Freundlich exponent 
NLLS Non-linear least squares 
qe Equilibrium loading of ions on the resin 
qmax 
Maximum (monolayer) loading of ions on 
the resin 
R Resin functionality 
SAC Strong acid cation 
SEIX Super Equivalent Ion Exchange 
SNE Sum of the Normalized Errors 
SSE Sum of the Squares of the Errors 
V Volume of solution 








 1. Introduction 
Ion exchange is a technology which spans many fields, from analytical research purposes to 
industrial streams, and beyond to natural processes such as the exchange of minerals in 
soils [1, 2].  The exchanger medium comes in various forms, such as naturally occurring 
zeolite materials [3, 4] through to industrially synthesised ion exchange resins [5-7].  
Regardless of the type of exchanger, ion exchange is understood to occur at a stoichiometric 
ratio; that is, one ion of a certain charge in solution migrates into the exchanger phase and 
replaces ions of equivalent charge resident on the exchanger surface.  The process of ion 
exchange has been studied primarily by three experimental methodologies; kinetic [8], 
equilibrium and column studies [9, 10].  Common to all three approaches is the use of 
numerous models to describe the sorption process, some of which are generalized for both 
adsorption and ion exchange systems [11].  Thus, there can at times exist confusion [12], a 
lack of fundamental understanding [13], and insufficient experimental rigour [14].  
Consequently, our research group has focussed upon developing a systematic approach to 
investigating the basic experimental procedures used in ion exchange.  For example, 
equilibrium isotherm studies of singly charged ions with strong acid cation resins have 
revealed the pitfalls of failing to comprehend the impact of experimental conditions such as 
bottle-point method used and solution/resin ratio [15].        
 
This paper extends the study of ion exchange equilibria to situations where multiple charged 
ions are involved.  One of the oldest ion exchange processes known and also a very common 
industry application is the softening of water using materials such as zeolite A [16] or 
synthetic resins [17].  Zeolite is used as a detergent builder as it is more environmentally 
benign when compared to phosphate based materials [18].  Costa et al. [19] studied the 
synthesis of zeolite 4A using kaolin as a starting material, with the aim of preparing more 
cost effective detergent builders.  Similarly, Ma et al. [20] attempted the synthesis of zeolite 
4A using bentonite clay.  Recently, Xue et al. [16] improved the softening performance of 
zeolite 4A, especially magnesium removal, by enhancing the mesoporosity.  Hoffmann and 
Martinola [17] reviewed the application of various synthetic ion exchange resins to 
softening of water.  Ghergheles et al. [21] reported a study using a cationic resin to soften 
geothermal water which successfully softened the water to the point of suitability for 
household use.  The concept of hybrid ion exchange-reverse osmosis water treatment plants 
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 has also gained interest in relation to development of high water recovery units [22].  For 
example, Venkatesan and Wankat [23] modelled ion exchange softening pre-treatment of 
brackish water prior to reverse osmosis operation and noted an improvement in water 
recovery from 36 to 90 % without the appearance of precipitation.  Lipnizki et al. [24] also 
advocated the combination of ion exchange softening processes with reverse osmosis 
treatment of wastewater.    
 
The fundamental representation of the softening process is shown in Equation .      
Equation 1:  𝑪𝑪𝒂𝒂𝑸𝑸+(𝒂𝒂𝒒𝒒) + 𝑸𝑸 𝑵𝑵𝒂𝒂+𝑹𝑹 ↔  𝑪𝑪𝒂𝒂𝑸𝑸+ 𝑹𝑹𝑸𝑸 + 𝑸𝑸 𝑵𝑵𝒂𝒂+ (𝒂𝒂𝒒𝒒) 
However, the assumption of simplicity may not necessarily be correct, since, as noted in 
Helferrich [2], any ion exchange process is inevitably coupled with the process of 
adsorption.  Moreover, when multiple charged ions are present in solution their exchange 
behaviour is highly dependent upon the solution normality.  For instance, Pabalan and 
Bertetti [25] studied the exchange of various solutions of alkali and alkaline earth cations 
with clinoptilolite.  A strong relationship between the solution normality and shape of the 
equilibrium isotherm was reported.  In general, with increasing dilution the zeolite material 
exhibited a preference for the higher charged species, which was referred to as being due to 
the “concentration-valency” effect.   
 
Surprisingly, for such a common industry application, we have found relatively few 
fundamental sorption equilibrium studies in the open literature regarding water softening 
by synthetic resins.  Jiang et al.[26] reported the exchange of calcium and magnesium ions 
by a chelating resin, and provided examples of kinetic and equilibrium behaviour.  However, 
these authors did not examine weak acid cation resins with carboxylic acid functional 
groups, or use non-linear least squares (NLLS) fitting procedures to interpret the data.  
Instead, they linearized relevant equations and introduced known errors associated with 
this approach.[14]  Enterazi et al.[27] also used linearized isotherm models, did not 
investigate the influence of solution normality and only considered a strong acid cation 
(SAC) resin.  Yi et al.[28] obtained isotherm data for calcium and magnesium exchange with 
a chelating resin, but did not evaluate the impact of solution normality or compare different 




Therefore, the aim of this publication was to examine the equilibrium exchange behaviour 
of calcium with a commercially available weak acid cation resin comprising of carboxylic acid 
functional groups.  Particular focus was upon the procedure for generating sorption 
isotherms, relevant equations to use, impact of solution normality and appropriateness of 
non-linear least squares fitting procedures.    
 






 2. Experimental Apparatus, Material and Methods 
2.1. Resins 
The resin used was termed MAC-3 and supplied by DOW Water & Process Solutions.  This 
resin was characterized by a weak acid cation functionality through carboxylic acid groups, a 
polyacrylic macroporous structure, and a stated exchange capacity of 3.8 eq/L.  The resin 
was initially received in the “H+” form and as such required conversion to the desired “Na+” 
form. The transformation procedure was as follows: A quantity of wet resin in the “H+” form 
was placed into a clear u-PVC ion exchange column of 0.05 m diameter and subsequently 
rinsed with purified water at a rate of 15 L/hour for 30 minutes.  A 4% (w/v) solution of 
NaOH was then used to convert the resin to the “Na+” form, again at a flow rate of 15 
L/hour for 30 minutes, at which point conductivity and pH measurements of the outlet 
solution had stabilised.  Finally, the resin was again rinsed several times with water to 
remove any residual NaOH species present.  In addition, the bed was ‘lifted’ between each 
rinse through a brief period of running the rinse water counter-current in order to settle the 
resin beads evenly and prevent channelling. 
 
2.2. Chemicals 
Aqueous solutions were prepared using triply distilled water to which appropriate amounts 




Samples were analysed using a Perkin Elmer Optima 8300 DV Inductively Coupled Plasma 
Optical Emission Spectrometer (ICP-OES) for integration times of 0.15 seconds with 10 
replications. Samples were diluted to a concentration between 1 and 100 mg/L using a 
Hamilton auto-dilutor with 10 mL and 1 mL syringes.  A certified standard from Australian 
Chemical Reagents (ACR) was diluted to form multi-level calibration curves.  An external 
reference was used to monitor instrument drift and accuracy of the results.   
 
2.4. Equilibrium Studies 
A range of resin masses were placed into centrifuge tubes with 40 mL of a known 
concentration of CaCl2 solution.  The samples were agitated on a rotary shaker unit (Ratek 
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 Model RSM7DC) at constant revolutions of 50 rpm for 24 hours at a temperature of ca. 19 
oC.  After equilibrium conditions were achieved the solution was separated from the resin 
beads and then transferred to a centrifuge to further separate solid from liquid.  Calcium 
concentrations in solution (Ce (mg/L)) were then measured and the equilibrium calcium 
loading on the resin (qe (mg/g)) inferred from Equation ; 
Equation 2:    𝒒𝒒𝒆𝒆 =  𝑽𝑽𝒎𝒎 (𝑪𝑪𝒐𝒐 −  𝑪𝑪𝒆𝒆) 
Where: qe = equilibrium loading of calcium ions on the resin (mg/g); V = volume of solution 
(L); m = mass of resin (g); Co = initial concentration of calcium ions in solution (mg/L); and, Ce 
= equilibrium concentration of calcium ions in solution (mg/L).  Sodium concentrations were 
also measured in solution in order to determine the quantity released from the resin as a 
consequence of the exchange process.  Desorption profiles were either shown where the 
sodium concentrations were expressed in relation to the mass of resin present (mmol Na/g 
resin), or in relation to calcium ions in solution under equilibrium (Ce).     
 
3. Background Equilibrium Isotherm Theory 
3.1. Langmuir Vageler Model 
The Langmuir Vageler model was first reported by Vageler and Woltersdorf [29, 30] and 
involved the correlation of the starting solution conditions and the equilibrium loading of 
the species of interest on the sorbent material as illustrated in Equation . 





Where: qe = equilibrium loading of calcium ions on the resin (mmol/g); V = volume of 
solution (L); m = mass of resin (g); Co = initial concentration of calcium ions in solution 
(mmol/L); qmax is the maximum (monolayer) loading of calcium ions on the resin (mmol/g); 
and, KLV = a rate coefficient termed the “half value”.   
 
3.2. Competitive Langmuir Model 
The Competitive Langmuir expression is different from other sorption models presented 
here in that it relates more to an ion exchange process as it takes into account the presence 
of both ions involved in the exchange [31].  Based upon the process in Equation and the law 
of mass action, the expression in Equation 4 can be derived. 
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Equation 4   𝑞𝑞𝑒𝑒,𝐶𝐶𝑎𝑎2+  =   𝑘𝑘 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚  𝐶𝐶𝑒𝑒,𝐶𝐶𝑚𝑚𝐶𝐶𝑜𝑜+ (𝑘𝑘−1) 𝐶𝐶𝑒𝑒,𝐶𝐶𝑚𝑚 
Where, qe,Ca represents the loading of the calcium ions on the resin at equilibrium (mg/g) 
and Ce,Ca is the concentration of calcium ions in solution at equilibrium (mg/L).  The system 
must have a mass balance wherein qmax (meq/L) = qe,Na (meql/L) + qe,Ca (meq/L) and Co 
(meq/L) = Ce,Ca (meq/L) + Ce,Na (meq/L).  
  
For the purposes of this paper, wherein the experimental procedure rather than the 
detailed theoretical exploration is the main focus, it is not necessary to discuss the use of 
more accurate representations of solutions where activities are calculated rather than molar 
concentrations.  
 
3.3. Freundlich Model 
The Freundlich isotherm expression [Equation 5] has been used in numerous studies of 
sorption systems.  Originally it was an empirical model based upon physical observations, 
but shown in later years to be based upon fundamental physical principles [32, 33]: 
Equation 5     𝒒𝒒𝒆𝒆  =   𝑲𝑲𝑭𝑭 𝑪𝑪𝒆𝒆𝟏𝟏 𝒍𝒍𝑭𝑭�    
Where, qe = equilibrium loading of calcium ions on the resin (mg/g); KF = Freundlich 
coefficient (mg/g (L/mg)1/n); Ce = concentration of calcium ions at equilibrium (mg/L); and, nF 
= Freundlich exponent (dimensionless).  
 
3.4 Non-Linear Least Squares (NLLS) Analysis of Equilibrium Data 
Isotherm models such as Langmuir and Freundlich have commonly been linearized in 
published sorption literature, as this promotes ease of use in software packages such as 
Microsoft Excel or similar.  However, this latter procedure violates fundamental 
assumptions of the least squares process [14].  Consequently, a non-linear least squares 
(NLLS) fitting approach is more appropriate as described by several authors [34, 35].  
Therefore, this paper followed the procedure recommended by Ho et al. [36] which used 
the error functions described in Table 1.  
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 4. Results 
4.1. 0.01N Calcium Chloride Solution 
  
  
Figure 1: Model fits for exchange of calcium ions from a 0.01 N calcium chloride solution 
with DOW MAC-3 weak acid cation resin 
 
Figure 1 shows equilibrium isotherm data for calcium exchange with DOW MAC-3 resin from 
a 0.01 N solution of calcium chloride.  Application of the Langmuir Vageler expression 
provided a reasonable fit of the data.  However, closer inspection of the measured points 
suggested that the calcium loading actually plateaued at a value of approximately 1.4 mol 
Ca/kg resin and upon increasing the “driving force” of the exchange process i.e. increasing 
the ratio of calcium ions in solution to the mass of resin present, the calcium loading 
accelerated.  This latter observation was more evident in the corresponding Competitive 
Langmuir analysis of the equilibrium data [Figure 1].  It was apparent that the uptake of 
calcium ions was extremely favourable as the calcium loading rapidly increased at low 
values of Ce, with a definite plateau noted to develop at Ce values between 7.1 and 86.5 
mg/L.  The “rectangular profile” of the equilibrium isotherm data was indicative of an 
exchange process which was practically, almost irreversible [37].  At higher Ce values above 
86.5 mg/L, the calcium loading on the resin material exhibited a distinct enhancement 
which was not consistent with simple Langmuir type sorption behaviour which has the basic 
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 premise of a limited number of sorption sites being available [38].  Also shown in was a 
Competitive Langmuir fit of only the Ce data points up to 86.5 mg/L, which indicated a 
considerably improved representation of the experimental values, albeit the low range Ce 
points remained difficult to model adequately.  The maximum loading of calcium ions on the 
resin surface was now estimated to be 58.7 g/kg [Table 4].  In contrast, the Freundlich 
model was observed to be inadequate at modelling the equilibrium isotherm, especially at 




Figure 2: Model fits for desorption of sodium ions during exchange of calcium ions from a 
0.01 N calcium chloride solution with sodium loaded DOW MAC-3 weak acid cation resin 
 
It was of interest to also examine desorption of sodium ions as the calcium ions were 
exchanged on the resin surface sites. Figure 1 showed that the Langmuir Vageler and 
Competitive Langmuir isotherm fits of the measured data for sodium ion desorption were 
similar in profile to those for calcium uptake [Figure 1].  The main difference was the 
magnitude of the sodium ions desorbed compared to calcium ions.  A clearer indication of 
the exchange process which occurred between calcium ions in solution and sorbed sodium 
ions on the weak acid cation surface was seen by inspection of Figure 3 which compared the 
equivalents of sodium released into solution to the amount of calcium removed from 
solution.  Overall, the exchange process appeared to be approximately stoichiometric in 
nature.  There was a discrepancy from ideal behaviour in that slightly less sodium ions were 
released than expected.  This latter deviation may have been due to experimental error, 
however as will be seen below the behaviour was consistent in several tests and not 
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 random in nature.  Thus, an underlying physical phenomenon was required to explain the 
behaviour observed.    
 
 
Figure 3: Stoichiometry of calcium ion exchange with sodium ions on DOW MAC-3 resin at 



















 0.025 N Calcium Chloride Solution 
  
  
Figure 4: Model fits for exchange of calcium ions from a 0.025 N calcium chloride solution 
with DOW MAC-3 weak acid cation resin 
 
Increasing the solution normality to 0.025 N calcium chloride solution resulted in the 
equilibrium isotherm profiles illustrated in Figure 4.  The shape of the isotherms recorded 
were similar to those displayed in Figure 1 when a 0.01 N solution was employed.  Again, the 
initial uptake of calcium ions was rapid and a distinct plateau in the calcium uptake was 
noted, followed by a rise in the calcium loading as the “driving force” or value of Ce 
increased.  The Competitive Langmuir fit of the data up until a Ce value of 215 mg/L 
indicated that the maximum calcium ion capacity on the resin was now 53.5 g/kg [Table 5], 
which was less than the value of 58.7 g/kg noted when 0.01 N calcium chloride solution was 
the exchanging solution.  Figure 5 displayed the correlation between both sodium ions 
desorbed and the calcium ions present in the initial solution (Langmuir Vageler plot), and 





   
Figure 5: Model fits for desorption of sodium ions during exchange of calcium ions from a 
0.025 N calcium chloride solution with sodium loaded DOW MAC-3 weak acid cation resin 
 
The ejection of sodium ions into solution paralleled the increase in the ratio of calcium ions 
to resin mass in the initial solution.  A small plateau region was evident in the Langmuir 
Vageler plot Figure 4 after which the sodium ion release rate increased.  The Competitive 
Langmuir fit of the data relating to desorbed sodium ions, also indicated the rapid release of 
these latter species into solution as calcium was loaded onto the resin exchange sites.  After 
a plateau region encompassing a calcium ion equilibrium concentration in solution (Ce) up to 
161.4 mg/L, the sodium expulsion from the resin was again enhanced.  A graph relating 
equivalents of calcium loaded on the DOW MAC-3 resin and the quantity of sodium ions 
released into solution is shown in Figure 6.  As before, the relationship between the amount 
of calcium ions loaded on the resin surface and the sodium ions desorbed from the resin 
bead was approximately linear, with a definite indication that less sodium was released than 








Figure 6: Stoichiometry of calcium ion exchange with sodium ions on DOW MAC-3 resin at 
a solution normality of 0.025 N; dashed line shows ideal stoichiometric exchange 
 
4.2. 0.05 N Calcium Chloride Solution 
  
  
Figure 7: Model fits for exchange of calcium ions from a 0.05 N calcium chloride solution 
with DOW MAC-3 weak acid cation resin 
 
The normality of the calcium chloride solution was further elevated to 0.05 N in order to 
examine the impact of increasing solution concentration upon the exchange behaviour of 
DOW MAC-3 resin. Figure 7 presents various model fits of the equilibrium exchange data 
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 which mirror those shown in Figure 1 and Figure 4.  Analysis of the isotherm profiles 
suggested that they were similar to those already recorded for the 0.01 and 0.025 N calcium 
chloride solutions.  Applying the Competitive Langmuir model to the data for Ce values up to 
290.4 mg/L resulted in a prediction for the monolayer exchange capacity of the resin to be 




Figure 8: Model fits for desorption of sodium ions during exchange of calcium ions from a 
0.05 N calcium chloride solution with sodium loaded DOW MAC-3 weak acid cation resin 
 
Not unexpectedly, due to the close correspondence between the isotherm profiles noted in 
Figure 7 and those for lower solution normalities, the sodium desorption profiles in Figure 8 
were remarkably similar to those already commented upon in Figure 2 and Figure 5.  
Logically, these latter observations should have translated into a similar relationship 
between calcium ions loaded on the resin and the quantity of sodium ions released in to 






Figure 9: Stoichiometry of calcium ion exchange with sodium ions on DOW MAC-3 resin at 
a solution normality of 0.05 N: dashed line shows ideal stoichiometric exchange 
 
5. Discussion 
5.1 Isotherm Profile 
Sorption isotherms have been classified by several different types depending upon the 
profile obtained from experimental equilibrium studies.  For example, using the 
classification of Giles et al. [39, 40] the equilibrium curves reported in this study appeared to 
be consistent with the general “L” type or the subset of “L” which is termed “H”.  “L” type 
isotherms are probably the most common isotherm profiles reported as they are the classic 
Langmuir pattern wherein a concave curve is observed which related to progressive 
saturation of surface sites and ultimately formation of a monolayer of sorbed species [37].  
“H” isotherms are a variant of the “L” class wherein the initial gradient of the slope is very 
high and these are often called “rectangular” isotherms.  Indeed, the initial stage of the 
isotherm profiles in this study wherein a rapid increase in the quantity of sorbed calcium 
ions was observed and a distinct plateau noted, was consistent with the “H” isotherm 
illustrated by Alberti et al. [11].  The subsequent rise in calcium uptake following creation of 
the plateau in sorption capacity has been noted by Giles et al. [39] as the sub-groups 3 and 4 
of “L” and “H” class isotherms.  The fundamental difference between sub-groups 3 & 4 was 
the ever increasing uptake of sorbate in sub-group 3 and formation of a secondary plateau 
in sub-group 4.  From the isotherm profiles shown in this study it was difficult to 
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 conclusively assign the isotherms to either sub-group mentioned due to a lack of data-
points. 
 
Several studies have reported inflection points in equilibrium isotherm curves, where an 
increase in ion uptake was noted.  For example, Pabalan and Bertetti [25] studied the ion 
exchange behaviour of various solutions comprising of both mono- and divalent cations with 
natural zeolite.  An important aspect of the latter study was the observation of a strong 
dependence of the isotherm profile upon solution normality.  As the solution normality was 
lowered the affinity of the zeolite material for the divalent species increased significantly, 
due to the “concentration-valency” effect.  Although, inflections were noted in the majority 
of isotherms such as those where sodium and strontium ions were exchanged, no discussion 
was made of this phenomenon.  Similarly, Inglezakis et al. [41] collected ion exchange 
isotherms for the exchange of chromium ions from solution with clinoptilolite.  The 
isotherm profile was characterized by an initial increase in sorbate uptake followed by a 
distinct plateau and finally a rapid increase in chromium sorption.  These authors stated that 
the exchange process changed from favourable to unfavourable but did not explicitly 
provide a reason for this behaviour.  Bricio et al. [42] hypothesised a “double selectivity” 
model for equilibrium isotherms displaying inflection points, which resulted from exchange 
of ions with “H+” forms of styrene-divinyl benzene resins.  The key assumptions were: two 
different active sites in the resin; distribution of resin capacity related to percentage of 
divinyl benzene present; and, ion exchange equilibria occurred simultaneously at both types 
of site.  The idea of two distinct types of exchange sites has also been enunciated by Tamura 
et al. [43] for weak acid cation resins.  These authors were of the view that one site was 
located in regions were large pores were present and the other was in the macroporous 
channels.  Limousin et al. [37] also discussed several studies regarding the exchange of 
potassium and calcium ions with 2:1 clays where the isotherms showed a preference for 
potassium uptake initially and then followed the non-preference curve at higher loadings, 







 5.2 Resin Capacity 
The resin manufacturer states that the DOW MAC-3 material should uptake 1.9 mol Ca/L or 
76.15 g/L which was 101.5 g/kg based upon a packing density of 750 g resin/L and resin 
supplied in the H+ form.  The initial procedure used here was to modify the as supplied “H+” 
form of the resin with sodium hydroxide in order to obtain the required “Na+” exchanged 
resin.  During this latter exchange process the resin was expected to expand by 70 % and 
this was the material then weighed for the bottle-point investigation.  During the column 
conditioning of the weak acid cation resin this latter expansion in volume was indeed 
observed.  Consequently, the resin capacity was now adjusted to 1.12 mol Ca/L resin in 
sodium form, or 1.49 mol Ca/kg resin (assuming packing density of 0.75) which equated to 
59.7 g Ca/kg resin.  This latter estimate for calcium loading on DOW MAC-3 resin was 
remarkably similar to the value of 58.7 g Ca/kg resin determined in this study when the 
exchange capacity calculation was applied for example to Ce values less than 86 mg/L 
calcium ions.     
 
Consequently, one must consider what principle explained the increase in calcium uptake 
post-formation of the plateau region in the equilibrium isotherm plots.  One possible 
explanation was the concept of “superequivalent ion exchange” which has been reviewed in 
depth by Kokotov [44].  This author elucidated that the inclusion of electrolyte was 
enhanced when: using solutions of high concentration; the capacity of the sorbate 
decreased; and, the cross-linking of the resin structure was low.  Christensen and Thomsen 
[45] highlighted the importance of the uptake of co-ions and solvent when working with 
concentrated solutions during ion exchange processes.  This latter situation was comparable 
to our study when a large concentration of calcium ions in solution was exchanged with a 
small amount of resin.  Christensen and Thomsen [45] for example contacted a calcium 
loaded resin with a solution of calcium chloride.  Evidence was obtained which showed that 
uptake of calcium chloride salt into the resin structure improved as the solution molality 
increased.  The relative amount of salt included in the resin beads depended upon the 
Donnan potential [46] and size of the ions involved.  Similarly, Soldatov et al. [47] examined 
the non-exchange of various electrolytes with anionic resin and again reported that the 
inclusion of electrolyte in the resin was promoted by increasing the concentration of the 
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 external solution.  To account for the sorption degree of electrolytes it was required to 
include not only Donnan or Nernst distribution effects but also to allow the possibility for 
formation of hydrated ionic associates.                                
Donnan equilibrium theory predicts that the chloride ions should be excluded from the resin 
bead at low salt concentrations (“Donnan exclusion”) but progressively be included as the 
aqueous concentration increased (“Donnan inclusion”) [48].   
 
5.3 Process Stoichiometry 
The question of process stoichiometry has to be addressed to gain an insight into the 
exchange behaviour.  For example, in the case illustrated where a sodium loaded resin was 
placed into a solution containing calcium ions, ion exchange theory dictated that for each 
calcium ion that moved from solution into the exchanger, two sodium ions should move in 
the opposite direction.  All three plots of calcium loaded on the resin versus the quantity of 
sodium released suggested an approximately linear relationship over all conditions studied 
[Figure 3, Figure 6 and Figure 9], with a slight upward trend noted toward the final stages of 
the plot perhaps indicating an increased displacement power of Ca ion at increased driving 
force conditions.  As previously discussed, the plateau region in the isotherm plots appeared 
to correlate to monolayer exchange of calcium ions with sodium ions on the resin surface.   
 
  
Figure 10: Equilibrium data for DOW MAC-3 weak acid cation resin in pure water 
 
To gain an insight to the deviation in stoichiometry noted above, an experiment was 
conducted involving addition of sodium exchanged resin to pure water.  The presence of 
sodium ions in solution following equilibration between sodium exchanged weak acid cation 
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 resin and pure water Figure 10 suggested that partial hydrolysis of the resin surface had 
occurred according to Equation 6. 
Equation 6  𝑵𝑵𝒂𝒂+𝑹𝑹 + 𝑯𝑯𝑸𝑸𝑶𝑶 ↔ 𝑯𝑯+𝑹𝑹 + 𝑵𝑵𝒂𝒂+ + 𝑶𝑶𝑯𝑯−  
Lehto and Harjula [49] discussed the fact that weak acid cation exchange resins typically 
exchanged a small proportion of sodium ions on the resin surface with hydronium ions from 
solution. The concomitant rise in solution pH [Figure 10] was consistent with Equation 6, and 
calculations based upon the quantity of sodium ions in solution suggested that the pH 
should have been in the range 9.8 to 10.2.  The latter pH range was in agreement with the 
measured data and in harmony with the work of Lehto and Harjula [49] which highlighted 
the significant impact upon pH even a limited degree of hydrolysis can have.  Consequently, 
the hydrolysis effect explains why the calcium-sodium exchange process in this study 
indicated less ejection of sodium ions from the resin surface than expected, as the exchange 
process in Equation 6 probably occurred in addition to Equation 7. 
Equation 7:  𝑪𝑪𝒂𝒂𝑸𝑸+(𝒂𝒂𝒒𝒒) + 𝑸𝑸 𝑯𝑯+𝑹𝑹 ↔  𝑪𝑪𝒂𝒂𝑸𝑸+𝑹𝑹𝑸𝑸 + 𝑸𝑸 𝑯𝑯+ (𝒂𝒂𝒒𝒒) 
 
Therefore, it was pertinent to inspect for example, the data concerning solution pH during 
the equilibrium exchange of the 0.01 N calcium chloride solution with DOW MAC-3 resin in 
this study.  Notably, the pH values were depressed relative to the situation when the 
sodium exchange resin was immersed in pure water.  This latter behaviour was consistent 
with two processes, namely exchange of the sodium ions for calcium species which were 
probably less susceptible to hydrolysis and release of protons (hydronium ions) due to 
Equation 7.            




Figure 11: pH as a function of DOW MAC-3 resin mass in a 0.01 N aqueous solution of 
calcium chloride 
 
The additional uptake of calcium ions after monolayer exchange was postulated to be due 
to inclusion of calcium ions from the calcium chloride electrolyte at high ratios of calcium in 
solution to resin mass.  Consequently, it can be deduced that inclusion of electrolyte in the 
resin beads concomitantly resulted in the expulsion of non-exchanged sodium ions already 
present within the resin pores.  The source of these non-exchanged sodium ions was 
presumably from the sodium hydroxide used in the initial resin regeneration stage as shown 
in Equation  8 and Equation 9.  
Equation 8:   𝑯𝑯+𝑹𝑹 + 𝑵𝑵𝒂𝒂+ + 𝑶𝑶𝑯𝑯−  ↔ 𝑵𝑵𝒂𝒂+𝑹𝑹 +  𝑯𝑯𝑸𝑸𝑶𝑶  
Equation 9:          𝑵𝑵𝒂𝒂+𝑹𝑹 +  𝑵𝑵𝒂𝒂+ + 𝑶𝑶𝑯𝑯−  ↔  𝑵𝑵𝒂𝒂+𝑹𝑹.𝑵𝑵𝒂𝒂𝑶𝑶𝑯𝑯  
Despite the fact that extensive rinsing with purified water was completed following the 
sodium hydroxide regeneration procedure until the effluent solution pH stabilized, evidently 
some sodium hydroxide was retained within the resin structure.  In order to ascertain 
whether sodium chloride entered the resin beads or simply sodium ions from the external 
solution, the concentration of chloride ions in the equilibrium solutions was measured.  The 
data suggested that the quantity of chloride present in the bulk solution remained 
reasonably constant.  This evidence indicated that the chloride ions were unable to enter 
the resin pore structure despite evidence showing a super ion exchange taking place, which 
was in accord with Donnan exclusion theory.  Consequently, a charge balancing anionic 
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 species must have been present inside the resin bead in order to maintain electroneutrality.  
The only possibility appeared to be hydroxide ions from inclusion of some of the sodium 
hydroxide regenerant.  
 
Figure 12: Solution concentration of chloride ions as a function of DOW MAC-3 resin mass 
in a 0.01 N aqueous solution of calcium chloride 
 
5.4 Experimental Procedures 
As shown in the results section the equilibrium isotherms can be complicated.  Evidence has 
been presented which showed that changing the solution concentration or amount of resin 
used had consequences on the data produced.  As outlined by Lehto and Harjula [49], with 
ion exchange a common mistake was the labelling of equilibria as “isotherms” since ion 
exchange required not only conditions of constant temperature but also constant solution 
normality.  Moreover, the equilibrium data obtained was representative for only the specific 
experimental conditions used to produce the data.  Indeed, it can even be the case that only 
a portion of the ion exchange equilibrium isotherm curve was measured as often test 
conditions were chosen arbitrarily.  Lehto and Harjula [49] have noted the difficulty in 
choosing appropriate ratios of solution to sorbent material present for ion exchange 
processes.  The Langmuir Vageler equation which has not been the subject of significant 
attention in previous literature, was shown in this publication to be a critical method for 
normalizing the experimental conditions employed in relation to generation of isotherm 
plots.    The “driving force” used in the bottle-point technique needed to be at least 2 mmol 
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 Ca2+ ions in the initial solution relative to resin mass for a plateau in the sorption profile to 
be observed.  Increasing the exchange “driving force” to 2.5 mmol Ca2+ ions per gram of 
resin resulted in an inflection point as calcium was loaded at an increased rate.   
 
Figure 13: Comparison of Langmuir Vageler fits of equilibrium data for various solution 
normalities 
 
When all three Langmuir Vageler plots were overlaid, as shown in Figure 13, it was observed 
that a perfect overlap of measured data was present up until a “driving force” of 1.27 mmol 
calcium ions per g of DOW MAC-3 resin.  Consequently, for the current experimental 
conditions it could be concluded that the “driving force” was a key experimental parameter.        
 
6. Conclusions 
This study has demonstrated that even well-known and long established ion exchange 
processes such as water softening can exhibit relatively complex behaviour.  We have 
shown that an arbitrary choice of experimental parameters for isotherm generation, which 
is inherent to a substantial quantity of published literature, could be potentially responsible 
for incomplete data sets and a source of misinterpretation of the true situation.  In this 
respect, the “driving force” employed in the exchange process was demonstrated to be a 
key factor and that application of the Langmuir Vageler expression was useful in analysing 
the impact of varying the ratio of calcium ions in the initial solution to the resin mass, to the 
final equilibrium loading of calcium ions on the resin.  The Langmuir Vageler equation 
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 although known for the past 80 years has been relatively ignored until now.  Nevertheless, 
its employment to interpret equilibrium data in conjunction with traditional isotherm 
models such as Langmuir and Freundlich appears justified, even essential.  Evidence was 
obtained which suggested that in addition to ion exchange between calcium ions in solution 
and sodium ions on resin sites, at high driving force conditions calcium ions could also enter 
the resin beads and exchange with sodium ions present due to inclusion of sodium 
hydroxide.  The isotherm profiles obtained in this paper highlighted the impact of 
experimental parameter choice and the benefit of measuring all ions in solution, including 
the anionic species in this case, in order to gain a comprehensive process understanding.  
Assumptions that a simple ion exchange process is occurring should not automatically be 
assumed, as we have shown both structural and non-structural ion exchange processes can 
occur.  Correspondingly, the history of the resin used for testing purposes should be 
evaluated as it is likely that salts are present within the pore structure of the resin beads.  
The need to consider hydrolysis effects was also found to be of significance when studying 
weak acid cation resins, and incorporation of this latter process allowed more accurate 
determination of ion exchange stoichiometry conditions.   
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9. Appendices 
Table 1: Summary of error functions used for non-linear least squares (NLLS) analysis of 
equilibrium exchange data  
Error Function Equation 
Sum of the Squares of the Errors 













































 Table 2: Non-linear least squares (NLLS) fit of Competitive Langmuir & Freundlich isotherm 
data for calcium exchange from a 0.01 N CaCl2 solution with a sodium loaded DOW MAC-3 
weak acid cation resin.  Numbers in bold indicate minimum error values and minimum 
sum of normalized error values. 
  SSE HYBRID MPSD ARE EABS 
qmax (g/kg) 54.0 58.7 63.5 66.9 56.1 
KL 671.5 89.0 28.8 17.9 1063.6 
            
SSE 2139 4330 6193 6924 2474 
HYBRID 2025 929 1071 1161 2880 
MPSD 221 88 71 72 265 
ARE 72 54 52 51 81 
EABS 127 193 230 243 105 
SNE 3.25 2.74 3.11 3.30 3.79 
 
  SSE HYBRID MPSD ARE EABS 
KF 28.2 17.2 9.0 16.5 26.0 
nF 5.2872 3.4624 2.4395 3.4432 5.0057 
            
SSE 2438 3757 6432 3989 2531 
HYBRID 1278 728 973 733 1075 
MPSD 161 87 64 84 145 
ARE 68 44 49 44 61 
EABS 174 195 258 198 171 







 Table 3: Non-linear least squares (NLLS) fit of Competitive Langmuir & Freundlich isotherm 
data for calcium exchange from a 0.025 N CaCl2 solution with a sodium loaded DOW MAC-
3 weak acid cation resin.  Numbers in bold indicate minimum error values and minimum 
sum of normalized error values. 
 
 SSE HYBRID MPSD ARE EABS 
qmax (g/kg) 53.2 53.5 53.9 52.2 52.1 
KL 544.9 349.2 231.5 353.1 536.2 
      
SSE 521 669 985 701 535 
HYBRID 320 232 279 234 301 
MPSD 75 49 42 49 71 
ARE 35 28 30 28 34 
EABS 75 82 96 81 74 
SNE 4.3 4.2 4.8 4.2 4.8 
 
  SSE HYBRID MPSD ARE EABS 
KF 20.64 13.99 9.80 9.76 20.33 
nF 5.48 3.91 3.10 3.23 5.60 
            
SSE 1170 1699 2598 2619 1197 
HYBRID 660 381 481 486 650 
MPSD 110 59 46 46 109 
ARE 56 37 34 33 55 
EABS 117 133 161 153 113 






 Table 4: Non-linear least squares (NLLS) fit of Competitive Langmuir & Freundlich isotherm 
data for calcium exchange from a 0.05 N CaCl2 solution with a sodium loaded DOW MAC-3 
weak acid cation resin.  Numbers in bold indicate minimum error values and minimum 
sum of normalized error values. 
 
  SSE HYBRID MPSD ARE EABS 
qmax (g/kg) 56.0 57.2 57.7 56.7 54.8 
KL 421.2 266.0 178.7 171.6 535.9 
            
SSE 459 649 1057 1143 510 
HYBRID 319 229 277 292 447 
MPSD 71 48 41 41 88 
ARE 33 28 27 26 37 
EABS 60 76 90 91 57 
SNE 3.48 3.23 3.73 3.84 4.07 
 
  SSE HYBRID MPSD ARE EABS 
KF 18.63 11.72 7.72 7.98 18.22 
nF 5.11 3.68 2.94 3.11 5.09 
            
SSE 1348 2020 3167 3133 1358 
HYBRID 712 403 512 510 679 
MPSD 112 58 45 45 109 
ARE 56 38 35 34 54 
EABS 126 151 187 172 122 
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Ion Exchange of Magnesium, Strontium, and Barium Ions with a Weak Acid Cation Resin 
 
Shannon Papworth, Graeme J. Millar* and Sara J. Couperthwaite 
 
School of Chemistry, Physics and Mechanical Engineering, Science and Engineering Faculty, 
Queensland University of Technology, Brisbane, Queensland, Australia 
 
The impetus for this research was the continuing need for an improved understanding of 
water softening, particularly with reference to the expanding use of ion exchange resins to 
protect reverse osmosis membranes, used for brackish and seawater desalination.  Ion 
exchange equilibria of various alkaline earth ions with a sodium exchanged weak acid cation 
resin have been investigated.  To model the equilibrium isotherm data, both the Langmuir 
Vageler and Competitive Langmuir expressions were primarily used.  However, limitations 
were found with regards to accurately simulating the isotherm profiles due to the presence 
of super equivalent ion exchange phenomena.  Application of a dual selectivity model was 
required to predict the shape of the isotherms obtained.  It was proposed that the two 
processes occurring were stoichiometric ion exchange of alkaline earth ions with sodium 
ions on the resin surface, and incorporation of electrolyte into the resin pores at high driving 
force values.  Barium ions exhibited the greatest super equivalent ion exchange effect and 
this presumably related to the fact that barium ions were the most preferred alkaline earth 
ion by the resin.  The Langmuir Vageler approach was discovered to be a valuable means for 
evaluating the impact of equilibrium experimental parameters.  
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CDI = capacitive deionization 
Ce  =  equilibrium concentration of alkaline earth ions in solution (mg/L or 
mmol/L).  
Ce,Mg  = equilibrium concentration of magnesium ions in solution (meq/L). 
Ce,Na  = equilibrium concentration of sodium ions in solution (meq/L). 
Co  =  initial concentration of alkaline earth ions in solution (mg/L or mmol/L 
or meq/L) 
CSG  = coal seam gas  𝐾𝐾𝑖𝑖′  = rational selectivity coefficient 
KLV   =  rate coefficient termed the “half value” 
KMg2+/H+  =  equilibrium coefficient 
m   =  mass of resin (g) 
qe  =  equilibrium loading of alkaline earth ions on the resin (mg/g or 
mmol/g or meq/L) 
qe,Mg = loading of magnesium ions at equilibrium on resin (mg/g or mmol/g 
or meq/L) 
qe,Na = loading of sodium ions at equilibrium on resin (mg/g or mmol/g or 
meq/L) 
qmax  = maximum (monolayer) loading of alkaline earth ions on the resin 
(mg/g or mmol/g) 
qt   = (meq/L) 
R  = resin 
SAC  = strong acid cation 
V   =  volume of solution (L) 
WAC  = weak acid cation     
𝑦𝑦𝑖𝑖   =  mole fraction of component i in the exchanger phase 





Reverse osmosis (RO) has been widely adopted as the primary associated water treatment 
technology for the Coal Seam Gas (CSG) industry [1].  Fouling of RO membranes can result in 
a deterioration in water recovery, and a rise in operating costs [2].  Of particular interest is 
the impact of ions such as Ca, Ba, Mg and Sr, which along with other precipitating species 
may cause scaling of water remediation systems, resulting in reduced performance [3-5].  A 
number of pre-treatment options for removing scale forming species prior to reverse 
osmosis membranes have been suggested.  For example, Millar et al. [6] described the 
application of electrocoagulation to purify coal seam gas water.  It was found that 
electrocoagulation could remove substantial percentages of calcium, magnesium, barium, 
and strontium ions when using aluminium electrodes.  In addition, dissolved silica was 
discovered to be readily reduced in concentration.  However, at present electrocoagulation 
has not been used commercially to remediate coal seam gas water to the best of our 
knowledge.  Another emerging technique for water softening is capacitive deionization (CDI) 
[7, 8].  Seo et al. [9] described the removal of hardness by CDI and reported up to 90 % 
reduction in calcium and magnesium ion concentrations.  Lime softening is an alternate 
technology for reducing the concentration of alkaline earth ions in contaminated water 
streams.  For instance, Aguinaldo [10] evaluated lime addition as a pre-treatment method 
for water desalination by reverse osmosis.  Although, lime was found to be effective it was 
noted that low levels of calcium (<10 mg/L) were not obtained by this latter strategy.  Amiri 
and Samiei [11] also observed that lime softening of brackish water may not be sufficient to 
inhibit a decrease in permeate flux with time.        
 
On the other hand, ion exchange has been widely employed in industry to soften water 
which undergoes subsequent desalination using a reverse osmosis stage [12, 13].  Synthetic 
resins are the most popular choice of sorbent for softening of water in industry situations 
[14, 15], whereas zeolites are commonly employed for domestic use in laundry powders 
[16].  Several types of resin have been described for exchange of alkaline earth ions from 
aqueous solution.  Millar et al. [17] recently published a study detailing the exchange of 
calcium ions with a weak acid cation (WAC) resin.  The effectiveness of the resin for calcium 
ion uptake varied according to the “driving force” which was a measure of the ratio of 
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 calcium ions in the initial solution relative to the mass of resin present, and the equilibrium 
loading of calcium ions on the resin.  The “driving force” concept was first presented by 
Vageler and Waltersdorf [18] wherein they showed that experimental variables such as the 
resin operating capacity could be derived through invocation of an isotherm in a manner 
analogous to the popular Langmuir theory [19].  Indarawis and Boyer [20] studied the 
interaction of alkaline earth ions with a WAC resin in the presence of dissolved organic 
matter, which did not appear to have a negative impact upon the exchange process.  In 
contrast, Singare et al. [21] investigated the selectivity of a proton exchanged strong acid 
cation (SAC) resin for the removal of calcium, magnesium, barium and strontium ions from 
aqueous solution.  Barium was the most favoured species followed by strontium, calcium, 
and finally magnesium.  Ӧzmetin and Aydun [22] reported that magnesium ion exchange 
with SAC resin proceeded quickly with maximum ion loadings observed within 10 minutes, 
with the data best represented by a pseudo second order kinetic model.  Ghergheles et al. 
[14] confirmed that strong acid cations resins used in a column configuration could 
effectively soften geothermal water.  Chelating resins have also been described, such as 
Amberlite IRC 748 which has an iminodiacetic acid (IDA) functional group [23, 24].  Yu et al. 
[23] discovered that the exchange of calcium or magnesium ions with a chelating resin 
occurred relatively rapidly with kinetic studies showing that the majority of the loading of 
alkaline earth ions was achieved within a matter of minutes.  Solution pH was found to be a 
significant factor in the degree of both calcium and magnesium ion removal from solution, 
with a substantial increase in ion uptake occurring at pH values of 8.5 and greater.  Jiang et 
al. [24] investigated TP207 and TP208 iminodiacetic acid-type chelating resins for the 
removal of both magnesium and calcium ions from aqueous solution.  Similar to the results 
presented by Yu et al. [23] the solution pH was shown to be important with again alkaline 
values promoting the uptake of ions from solution.  Kinetic studies suggested that a pseudo 
first order model was the best means of fitting experimental data with intra-particle and 
film diffusion taking part in the rate determining step.                
 
Binary ion exchange systems have been most studied, and have formed the basis of several 
fundamental ion exchange models [25, 26].  Extrapolation of binary exchange data to multi-
component ion exchange has been conducted in order to represent solutions more typically 
found in industry or the environment [27-33].  However, our previous studies involving 
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 calcium ion exchange with WAC resins suggested that this latter approach may not always 
be valid due to effects such as super-equivalent ion exchange [17].  Therefore, this research 
investigated the fundamental equilibrium ion exchange behaviour of binary systems 
involving magnesium, barium, and strontium ions with WAC resin.  The aims included 
improved understanding of the impact of solution normality upon the exchange process and 
the provision of data which could be used in relation to subsequent multi-component 










 2. Material and Methods 
2.1 Equilibrium Isotherm Models 
2.1.1 Sorption Models 
2.1.1.1 Langmuir Vageler Model 
The Langmuir Vageler model has recently been re-discovered [17, 34] despite being first 
reported by Vageler and Woltersdorf in 1930 [18, 35].  The basis of the Langmuir Vageler 
interpretation of equilibrium ion exchange data involves correlation of the starting solution 
conditions and the equilibrium loading of the species of interest on the sorbent material as 
described in Equation 1. 




2.1.1.2 Competitive Langmuir Model 
The Competitive Langmuir expression is an ion exchange version of the popular Langmuir 
model, which takes into account the presence of both ions involved in the exchange process 
[36].  In the first instance, ion exchange involving a cation resin material and magnesium 
chloride in aqueous solution can be written in terms of a chemical reaction [Equation 2]. 
Equation 2    𝒌𝒌𝑴𝑴𝑴𝑴𝑸𝑸+
𝑵𝑵𝒂𝒂+
�
 =   [𝑹𝑹𝑸𝑸𝑴𝑴𝑴𝑴] [𝑵𝑵𝒂𝒂+]𝑸𝑸
�𝑴𝑴𝑴𝑴𝑸𝑸+� [𝑵𝑵𝒂𝒂+𝑹𝑹]𝑸𝑸                                                   
In more generic notation, equation 2 can be written as: 
Equation 3    𝒌𝒌𝑴𝑴𝑴𝑴𝑸𝑸+
𝑵𝑵𝒂𝒂+
�
 =   𝒒𝒒𝒆𝒆,𝑴𝑴𝑴𝑴 �𝑪𝑪𝒆𝒆,𝑵𝑵𝒂𝒂�𝑸𝑸
𝑪𝑪𝒆𝒆,𝑴𝑴𝑴𝑴  �𝒒𝒒𝒆𝒆,𝑵𝑵𝒂𝒂�𝑸𝑸   
Applying the mass balance qt (meq/L) = qe,Na (meql/L) + qe,Ca (meq/L) and Co (meq/L) = Ce,Mg 
(meq/L) + Ce,Na (meq/L) we get Equation 4 [36] 
Equation 4   𝒒𝒒𝒆𝒆,𝑴𝑴𝑴𝑴𝑸𝑸+  =   𝒌𝒌 𝒒𝒒𝒕𝒕 𝑪𝑪𝒆𝒆,𝑴𝑴𝑴𝑴𝑪𝑪𝒐𝒐+ (𝒌𝒌−𝟏𝟏) 𝑪𝑪𝒆𝒆,𝑴𝑴𝑴𝑴  
In this paper, the employment of solution activities instead of molar concentrations has not 
been pursued when evaluating the relatively simple empirical sorption models as the 





 2.1.2 Mass Balance Models 
2.1.2.1 Double Selectivity Model 
Bricio et al. [37] proposed a model based on the law of mass action relating to the study of 
styrene-divinylbenzene (DVB) based, synthetic resins.  The value of this latter model was the 
fact that it allowed for two different mechanisms by which uptake ions, in this case assumed 
to be active sites which were conceptually associated with functional groups located on 
either the styrene or DVB components.  Based upon our previous work which identified the 
possibility of two different pathways for uptake of calcium ions on WAC resin, the model of 
Bricio et al. [37] was tested in this study for applicability.   
 
The distribution of the two sites was described by the value r, which was said to represent 
the degree of cross-linking in the example of Bricio et al. [37], albeit r was fundamentally a 
means to assign the resin capacity for binding ions from solution between two types of site 
or exchange processes.  The equivalent fraction of a particular ion in the resin was 
subsequently described by Equation 5. 
Equation 5    Yi = rYi1 + (1− r)Yi2 
 
Where, 
     𝑌𝑌𝑖𝑖 =  𝑧𝑧𝑖𝑖𝑦𝑦𝑖𝑖∑ 𝑧𝑧𝑗𝑗𝑦𝑦𝑗𝑗𝑛𝑛𝑗𝑗=0  yi is the mole fraction of component i; Yi is the equivalent fraction of component i. 
 
The rational selectivity coefficient, Ki′, of each phase being as shown in Equation 6. 
Equation 6    𝐊𝐊𝐢𝐢′ = 𝐲𝐲𝐢𝐢𝐳𝐳𝐣𝐣(𝟏𝟏−𝐱𝐱)𝐳𝐳𝐢𝐢(𝟏𝟏−𝐲𝐲𝐢𝐢)𝐳𝐳𝐢𝐢𝐱𝐱𝐳𝐳𝐣𝐣 
The equilibrium isotherm can then be explained by Equation 7. 
Equation 7     






 2.2 Chemicals 
Solutions for the equilibrium studies were prepared by addition of suitable quantities of 
salts to triply distilled water.  Analytical reagent grade barium chloride, magnesium chloride, 
and strontium chloride were all supplied by Rowe Scientific. 
2.3 Resin 
WAC resin (DOW MAC-3) was supplied by DOW Water & Process Solutions and consisted of 
a WAC functionality through carboxylic acid groups, a polyacrylic macroporous structure, 
and a minimum exchange capacity of 3.8 eq/L.  As supplied, the resin comprised of “COOH” 
functional groups which meant that conversion to the “Na+” form was initially required prior 
to equilibrium exchange tests.  Wet resin was placed in a u-PVC ion exchange column of 
0.05 m diameter and rinsed with purified water at a rate of 15 L/hour for a period of 30 
minutes.  Subsequently, a 4 % (w/v) sodium hydroxide solution was flowed at a rate of 15 
L/hour for 30 minutes whereupon conductivity and pH measurements of the outlet solution 
stabilised.  In order to remove any residual NaOH species, the resin was then rinsed several 
times with water.   
 
2.4 Analysis 
Samples were analysed using a Perkin Elmer Optima 8300 DV Inductively Coupled Plasma 
Optical Emission Spectrometer (ICP-OES) for integration times of 0.15 seconds with 10 
replications. Samples were diluted to a concentration between 1 and 100 mg/L using a 
Hamilton auto-dilutor with 10 mL and 1 mL syringes.  A certified standard from Australian 
Chemical Reagents (ACR) was diluted to form multi-level calibration curves.  An external 
reference was used to monitor instrument drift and accuracy of the results.   
 
2.5 Equilibrium Ion Exchange 
Previous studies have shown that the identity of the bottle-point method used to generate 
equilibrium ion exchange isotherms has a significant impact upon the quality of the data 
obtained [34].  Consequently, the “constant concentration” bottle-point approach was used 
in this investigation.  The basic premise was to place a range of resin masses into 
appropriate vessels, in this case centrifuge tubes along with 40 mL of the target salt 
solution.  Importantly the solution normality was kept constant in each sample container in 
line with the recommendations of Lehto and Harjula [38].  The samples were agitated by a 
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 rotary shaker unit (Ratek Model RSM7DC) at 50 rpm for a period of 24 hours at a 
temperature of ca. 19 oC.  After equilibrium was completed, the aqueous solution was 
separated from the resin beads and then transferred to a centrifuge to further separate 
solid from liquid.  Barium, magnesium, and strontium concentrations in solution (Ce) were 
then measured and the equilibrium loading on the resin (qe) inferred from Equation 8. 





 3. Results and Discussion 
Each alkaline earth ion was tested under three solution normalities: 0.010, 0.025, and 0.050 
N.  Furthermore, each set of experiments was designed such that similar “driving force” 
conditions were used, in order to more readily elucidate the impact of solution normality 
upon resin performance. 
 
3.1 Magnesium Ion Exchange with Sodium-DOW MAC3 WAC Resin    
Figure 1 shows equilibrium exchange data for magnesium ions with a WAC resin as a 
function of solution normality.  The Langmuir Vageler fit for the the 0.01 N solution was 
evaluated and it was inferred that two distinct sections of the equilibrium isotherm were 
present. Between driving force values of 0 to ca. 1.2 mmol Mg2+/g resin the magnesium 
loading profile was seen to follow a linear trend with gradient ca. 1.  This latter behaviour 
suggested that for each mmol Mg2+ ions in solution which were initially present relative to 
the resin mass, a corresponding mmol/g of Mg2+ ions exchanged on the resin surface [Figure 
2].  Further increase in the “driving force” beyond this linear region appeared to facilitate a 
slight enhancement in the loading of magnesium ions, albeit at a reduced gradient, and 
resulted in a modelled capacity of 1.64 mmol/g.  Similar trends in the isotherm profile were 
recorded for higher normality solutions of magnesium ions (0.025 and 0.050 N).  Overlaid 
isotherm profiles shown in Figure 2 indicated that regardless of the solution normality 
employed the gradient of the slope during the initial stage of the Langmuir Vageler plot was 
always close to 1.  Likewise, Figure 3 illustrated that the three complete Langmuir Vageler 
isotherm profiles collected were very comparable with minimal evidence for a dependency 
of the ion exchange process upon solution normality.  As a general comment, the 
application of the Langmuir Vageler equation to the equilibrium data did not fit the entire 
isotherm profile particularly well.  Nevertheless, as discussed by Millar and co-workers [17, 
34] the Langmuir Vageler approach is useful in terms of determining whether the 
experimental parameters were sufficient to generate a situation where the resin became 







 0.01 N Solution 
  
0.025 N Solution 
  
0.05 N Solution 
  
Figure 1: Equilibrium exchange adsorption isotherms for Mg2+ from aqueous solutions of 
magnesium chloride with DOW MAC-3 sodium exchanged WAC resin 
 
Inspection of the comparable Langmuir isotherms revealed that the magnesium ions readily 
exchanged with sodium ions on the WAC functional sites [Figure 1], as seen by the almost 
vertical rise in the initial section of the isotherm profiles.  The data points subsequently 
appeared to plateau at a value of approximately 1.2 mmol Mg2+/g resin before exhibiting a 
slight increase in magnesium loading to maximum values of 1.47, 1.38, and 1.33 mmol 
Mg2+/g resin for 0.010, 0.025, and 0.050 N solutions, respectively.  Fitting of the exchange 
data using the Langmuir isotherm model predicted a maximum loading of magnesium ions 
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 in the range 1.31 to 1.36 mmol Mg2+/g resin for the solution normalities tested. Visual 
inspection of the Langmuir fits in Figure 1 revealed that the maximum loading capacity for 
magnesium ions was probably over-estimated.   
 
 
Figure 2: Linear region of Langmuir Vageler plots for equilibrium exchange of Mg2+ from 
aqueous solutions of magnesium chloride with DOW MAC-3 sodium exchanged WAC resin 
 
The overall Langmuir isotherm profile was indicative of a strong affinity of the magnesium 
ions to the functional groups on the resin surface [39].  The rise in the magnesium loading 
value post an initial plateau period, was similar to previously reported data for calcium ion 
uptake on WAC resin [17], albeit the phenomenon responsible for the increased uptake of 
ions by the resin was more pronounced when calcium ions were studied.  Ghanbari Pakdehi 
and Alipour [40] studied the exchange of magnesium ions from an aqueous solution of 
hydrogen peroxide with a strong acid cation resin.  Evidence was provided that the solution 
normality influenced both the sorption kinetics and equilibrium between magnesium ions 
and the SAC resin.  In particular, the higher the concentration of magnesium ions in the 
peroxide solution the shorter the contact time required to fully load the resin exchange 
sites.  With regards to equilibrium exchange behaviour, it was suggested by the authors that 
attainment of maximum loading of the magnesium ions on the resin was promoted by use 
of lower concentrations of magnesium ions in solution (i.e. smaller quantities of resin were 
required to be present to achieve 100 % occupancy of resin exchange sites).  Ghanbari 
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 Pakdehi and Alipour [40] did not normalize their experimental data by examining the 
“driving force” of the exchange process by means of the Langmuir Vageler expression, which 
would have made their observations clearer [17].  Nevertheless, it was interesting to infer 
from the authors’ data that higher driving force conditions (i.e. high initial concentrations of 
magnesium ions in solution relative to mass of resin) appeared to inhibit uptake of 
magnesium ions by the resin.  This latter conclusion was not consistent with the data shown 
here in Figure 3 which indicated that for aqueous solutions there was no discernible 
difference in the loading of magnesium ions on the SAC resin up until the exchange site 
saturation point.   
 
Figure 3: Complete Langmuir Vageler plots for equilibrium exchange of Mg2+ from 
aqueous solutions of magnesium chloride with DOW MAC-3 sodium exchanged WAC 
resin; Solution normalities as indicated 
 
Bohdana et al. [41] studied a macronet, proton exchanged strong acid cation resin termed 
Purolite MN 500 which with a measured capacity of 2.48 meq/g, and its ability to exchange 
magnesium ions.  The Freundlich isotherm model was found to fit the experimental 
equilibrium data better than Langmuir, Sips, Toth or Unilan expressions.  In harmony with 
our current study, the initial section of the isotherm profile at low values of Ce was 
practically vertical in appearance.  The equilibrium data of Bohdana et al. [41] did not 
display as distinct a plateau in the magnesium ion loading on the resin as seen in Figure 1, 
but did exhibit a similar enhancement in magnesium ion uptake as the equilibrium 
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 concentration of magnesium ions in solution increased.  Application of the Surface 
Complexation Model (SCM) resulted in excellent simulation of the isotherm profile using 
values of 𝑙𝑙𝑙𝑙𝑙𝑙𝐾𝐾𝐻𝐻
𝑀𝑀𝑀𝑀 =  −1.10, 𝐾𝐾𝐻𝐻𝑀𝑀𝑀𝑀 = 0.079 and m(Mg,H) = 2.24.  Bohdana et al. [41] also 
investigated the solution chemistry of various dissolved magnesium salts and predicted that 
for aqueous magnesium chloride systems similar to those studied in this research, the 
magnesium was entirely present as free magnesium aqua-ions.               
 
Pesavento et al. [42] investigated the exchange of magnesium ions in aqueous solution with 
a WAC resin comprising of carboxylic acid functional groups, similar to the material in this 
study.  The main difference was that fact that we used sodium exchanged resin whereas 
Pesavento et al. [42] evaluated the acidic analogue.  The latter authors reported that the 
sorption of magnesium ions on the WAC resin surface was always represented by Equation 8.   
Equation 8:   𝐌𝐌𝐠𝐠𝑸𝑸+ (𝐚𝐚𝐚𝐚) + 𝑸𝑸 𝐇𝐇+𝐑𝐑 ↔ 𝐌𝐌𝐠𝐠𝑸𝑸+ 𝐑𝐑𝑸𝑸 + 𝑸𝑸 𝐇𝐇+ (𝐚𝐚𝐚𝐚)  
The stated minimum capacity for the DOW MAC-3 WAC resin was 3.8 eq/L when supplied in 
the “H+” form.  This latter figure equated to 1.9 mmol Mg2+/L resin or 1.425 mmol Mg2+/g 
resin based upon a bulk density of 750 g/L.  When calcium ions were exchanged with DOW 
MAC-3 resin the maximum loading was determined to be approximately 1.4 mmol Ca2+/g 
resin [17] which was greater than the value in this study for magnesium ions on the same 
resin type, of 1.2 mmol Mg2+/ g resin.  Jiang et al. [24] noted that the uptake of magnesium 
ions with chelating resins was dependent upon the solution temperature used in the 
equilibrium tests.  At temperatures similar to those used in our equilibrium studies (ca. 19 
oC) the magnesium capacity was 0.93 mmol/g compared to 1.11 mmol/g at 41 oC.  The 
affinity of strong acid cation resin for alkaline earth ions has also been reported as being Ba 
> Sr > Ca > Mg by Singare et al. [21] and Bonner and Smith [43].                   
 
Application of the double selectivity model to the Mg2+ exchange data [Figure 4] revealed a 
small difference in curve ‘sharpness’ between subsequent normalities, where the less 
concentrated solutions produced a higher equivalent fraction of magnesium ions on the 
resin at a lower equivalent fraction of magnesium ions in solution.  This latter behaviour is 
an accepted principle of ion exchange and has been reported by several authors [27, 44].  
The model itself was shown to provide a good fit to the data and in fact was the first of the 
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 models employed in this study to assign a ‘tailing’ region to the latter stages of the 
isotherm, which in this case was the high solution fraction of magnesium. In order to 
optimise variables for the fitting procedure we assigned a fixed r value of 0.25 and 
optimised the rational selectivity coefficients for the two site types/exchange processes. 
This produced 𝐾𝐾1′𝑥𝑥 values of 0.17, 0.05, and 0.03, and 𝐾𝐾2′𝑥𝑥 values of 111.31, 95.13, and 
73.63 for 0.010, 0.025, and 0.050N solutions, respectively.  
 
0.01 N Solution 0.025 N Solution 
  
0.05 N Solution Model overlay 
  
Figure 4: Double Selectivity Model representations of Mg2+ exchange from aqueous 
solutions of magnesium chloride with DOW MAC-3 exchanged WAC resin; Solution 




3.2 Strontium Ion Exchange with Sodium-DOW MAC3 WAC Resin    
Equilibrium isotherm data for Sr2+ ions is shown in Figure 5.  Analysis of the Langmuir 
Vageler fit for the three tested solution normalities again indicated two distinct processes 
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 were occuring across the driving force range.  As before, a linear section was observed as 
shown in more clarity in Figure 6.   
 
0.01 N Solution 
  
0.025 N Solution 
  
0.05 N Solution 
  
Figure 5: Equilibrium exchange adsorption isotherms for Sr2+ from aqueous solutions of 






Figure 6: Linear region of Langmuir Vageler plots for equilibrium exchange of Sr2+ from 
aqueous solutions of strontium chloride with DOW MAC-3 sodium exchanged WAC resin 
 
The loading of strontium ions at the limit of the linear period was 1.2 mmol Sr2+/g resin 
which was the same value as measured for magnesium ion exchange [Figure 2].  Similar to 
the Mg2+ exchange data, the linear section was represented by a gradient of close to 1.0.  As 
may be expected, a plateau in the strontium ion uptake was noted in all three experiments 
involving strontium ions [Figure 5].  Once the driving force was increased to above ca. 5 
mmol Sr2+ ions per g of resin, the strontium uptake was enhanced to an ultimate value of 
1.64 mmol/g for each normality [Figure 5].  The degree of excess strontium ion loading post-
plateau formation in the isotherm was similar to the case when magnesium ions were 
exchanged with the WAC resin, based upon the Langmuir Vageler fit.  However, visual 
inspection of the data indicated that the equation possibly under-estimated the loading of 
strontium ions on the WAC resin.  When all three strontium ion exchange isotherms were 
compared on the same plot, no discernible difference in behaviour was apparent (figure not 
shown for sake of brevity).  
 
Langmuir isotherm model fits in Figure 5, appeared to have a more defined plateau relative 
to the comparable tests with magnesium ions [Figure 1].  In this case, the increase in 
strontium ion loading at high equilibrium concentrations was more pronounced.  Estimation 
of the maximum loading capacity for strontium ions using the Competitive Langmuir model 
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 indicated that capacities were 1.31, 1.17, and 1.21 mmol Sr2+/g resin for 0.010, 0.025 and 
0.050 N solutions, respectively.  The initial isotherm ‘sharpness’ at low Ce values, again 
indicated a highly favoured ion exchange process.  Hafizi et al. [45] examined the 
equilibrium behaviour of strontium ions in acidic solutions with the strong acid cation resin 
Dowex 50W-X8.  In accord with this study, the uptake of strontium ions was shown to be 
highly favoured with the Langmuir isotherm model exhibiting an excellent fit of the 
equilibrium data.  The maximum loading of strontium ions was reported as 125 g/kg resin 
which was comparable, albeit slightly higher than the minimum value of 105.1 g Sr/kg resin 
(equivalent to 1.2 mol Sr/kg resin) found herein.  The discrepancy in resin capacity cannot 
be attributed to differences in exchange temperature as was observed in the case of 
magnesium ion uptake on SAC resin as discussed in section 3.1.  Hafizi et al. [45] showed 
that as temperature was increased from 25 to 45 oC, the maximum strontium ion loading 
actually decreased, and as such these authors reported all data at 25 oC experimental 
conditions.  Similar temperature dependent behaviour of strontium ions when exchanged 
with dolomite has also been demonstrated by Ghaemi et al. [46].  As the temperature 
employed in our study was ca. 19 oC, there is no available data to support that this would be 
inferior to the equilibrium behaviour at 25 oC.  Alternate reasons for the disparity in 
strontium uptake on the different resins evaluated could be factors such as water content in 
the resin, the identity of the exchanging ion on the resin (sodium versus protons) and the 
degree of cross-linking in the resin structure.  Notably, Hafizi et al. [45] employed the 
“constant resin mass” bottle-point method for isotherm generation which has been shown 
to be problematic in terms of providing profiles which have an unambiguous interpretation 
[34].  Depending upon the resin mass selected and the range of sorbate concentrations 
studied, estimations of maximum loading on the resin have been shown to potentially 
exhibit significant errors.  Fitting of the equilibrium data involving strontium ion sorption 
could also have been a source of error.  For example, Abdel Rahman et al. [47] analysed 
isotherms generated when strontium ions in solution exchanged with sodium loaded zeolite 
A.  These latter authors found that use of linearized versions of the Langmuir, Freundlich 
and Dubinin-Radushkevich models were inferior to the comparable data simulation 
obtained using a non-linear least squares fitting approach.  El-Khaiary et al. [48] have 
elegantly summarized reasons why such linearized isotherm models are not appropriate, 
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 hence why in this study we evaluated the equilibrium isotherm results by non-linear least 
squares methods. 
 
Application of the double selectivity model to the Sr2+ data can be seen in Figure 7. The 
strontium data again provided a separation between normalities in the early stages of 
loading, between 0.0 and 0.1 equivalent fraction in solution.  Beyond this point tailing 
inflections were observed for 0.025 and 0.050N solutions whereas the 0.010N solution 
produced a plateau region until complete loading. The implication of these different 
modelling shapes cannot be ascertained until a larger quantity of data in the latter stages of 
equivalent fraction solution is analysed.  
 
0.01 N Solution 0.025 N Solution 
  
0.05 N Solution Model overlay 
 
 
Figure 7: Double Selectivity Model representations of Sr2+ from aqueous solutions of 
magnesium chloride with DOW MAC-3 exchanged WAC resin; Solution normalities as 
indicated 
We expect that the flat curve shape is more a result of this lack of data weighting in the final 
stages and that with increased data points the inflection tail shall be observed for this 
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 system. The data was again fitted to a theoretical 0.25 r value and produced the following 
rational selectivity coefficients; 𝐾𝐾1′𝑥𝑥 values of 0.00, 0.06, and 0.10, and 𝐾𝐾2′𝑥𝑥 values of 874.12, 
697.75, and 482.22 for 0.010, 0.025, and 0.050N solutions, respectively, were obtained.  
Interestingly, the 𝐾𝐾1′𝑥𝑥 trend was observed to develop in the opposite direction to the 
magnesium systems and at lesser values, whereas the 𝐾𝐾2′𝑥𝑥 values were considerably larger. 
This increasing selectivity toward 𝐾𝐾2′𝑥𝑥 sites suggested that increased selectivity shown 
toward counter ions is a result of a preferred ion type, as per the selectivity sequence 
conventionally adopted in the literature [21]. 
 
3.3 Barium Ion Exchange with Sodium-DOW MAC3 WAC Resin    
Barium ion exchange [Figure 8] was observed to be greater influenced by solution normality 
when compared to Mg2+ and Sr2+ equilibrium experiments.  At each solution normality, the 
Langmuir Vageler isotherm profile was characterized by a linear uptake of barium ions on 
the resin until a value of ca. 1.20 mmol Ba2+/g resin [Figure 9].  Notably, the Langmuir 
Vageler fit of the equilibrium data was not accurate due to the complexity of the isotherm 
profile, and a maximum loading of barium ions of 1.64 mmol Ba2+/g resin was calculated 
[Figure 8].  When a 0.01N solution was studied a substantial increase in barium ion loading 
was observed, modelled to be 2.73 mmol Ba2+/g resin. These latter differences in ion 
exchange performance can be more clearly observed in Figure 8.  Isotherm profiles similar to 
that observed in Figure 8 for the 0.01 N solution have been reported by Sherry [49] when 
examining barium ion exchange with sodium loaded zeolite X, however, no explanation for 
this observed pattern was given.        
 
The Langmuir isotherm fits [Figure 8] show a significant change in high driving force barium 
loading across the tested solution normalities. 0.050 and 0.025N Ba2+ solutions were 
observed to feature very ‘flat’ plateau regions with a small suggestion of ‘tailing’ at high 
equilibrium concentration in the 0.025N system. The 0.010 N Ba2+ solution test exhibited a 
large increase in barium loading as high equilibrium concentration was reached, indicating a 





 0.01 N Solution 
  
0.025 N Solution 
  
0.05 N Solution 
  
Figure 8: Equilibrium exchange adsorption isotherms for Ba2+ from aqueous solutions of 





Figure 9: Linear region of Langmuir Vageler plots for equilibrium exchange of Ba2+ from 
aqueous solutions of barium chloride with DOW MAC-3 sodium exchanged WAC resin 
 
 
Figure 10: Complete Langmuir Vageler plots for equilibrium exchange of Ba2+ from 
aqueous solutions of magnesium chloride with DOW MAC-3 sodium exchanged WAC 
resin; Solution normalities as indicated 
 
The double selectivity model as applied to the Ba2+ data can be seen in Figure 11.  Of 
particular significance was the low concentration solution of barium which exhibited very 
large positive deviations in ion uptake. Low concentration loading increases are a well-
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 documented phenomenon in the literature, as described by the Donnan potential of a 
system [28, 30, 50].  The Donnan potential is related to the initial stages of exchange, 
whereby a low concentration solution results in an increased concentration gradient 
between the phases, causing a larger potential difference, and thus, an increased attraction 
to higher charged ions [50].   Furthermore, the hydrated volume of an ion facilitates 
movement within the exchanger substrate in such a way that a smaller hydrated ion can 
move more freely to the exchange sites, and more freely within the pore spaces, especially 
in the case of a WAC resin which undergoes severe shrinkage during exchange [51].     
 
0.01 N Solution 0.025 N Solution 
  
0.05 N Solution Model overlay 
 
 
Figure 11: Double Selectivity Model representations of Ba2+ from aqueous solutions of 
magnesium chloride with DOW MAC-3 exchanged WAC resin; Solution normalities as 
indicated 
 
The 0.010N barium data in this study proved problematic for the double selectivity model to 
reproduce as can be seen in Figure 11, specifically relating the sharp early equivalent 
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 fraction phase with the increases into the latter stages of the isotherm.  In contrast, the 
0.025 and 0.050N barium systems did not suffer such problems and were fitted well by the 
model. The differences between the systems were aptly recorded in the selectivity 
coefficients, with appreciable increases over the less preferred strontium ions.  𝐾𝐾1′𝑥𝑥 values 
were reported as 2.80, 0.06, and 0.00, and 𝐾𝐾2′𝑥𝑥 values at 2345.22, 1043.60, and 784.32 for 
0.010N, 0.025N, and 0.050N systems, respectively.  Interestingly, the 𝐾𝐾1′𝑥𝑥 values for 
strontium systems, which had reversed in order from the reported magnesium systems, had 
returned to the low concentration barium system featuring the highest 𝐾𝐾1′𝑥𝑥 value.  𝐾𝐾2′𝑥𝑥 
values were higher than the counterpart strontium systems, with a significant increase in 
the 0.010N barium system. 
 
3.4 Comparison of Alkaline Earth Ion Exchange at Fixed Solution Normalities 
It was of interest to compare the isotherms for each alkaline earth ion at particular solution 
normalities [Figure 12].  Langmuir Vageler isotherms were chosen to display the data as this 
approach essentially standardised the experimental parameters.  Notably, as the solution 
normality was decreased an enhancement in barium uptake was observed, whereas 
magnesium and barium exhibited lesser degrees of loading promotion at the higher driving 
force values. 
 
Walton et al. [52] noted that when solutions of barium perchlorate were contacted with a 
proton exchanged strong acid cation resin, not only barium ions loaded on the resin surface 
but also a significant fraction of the salt itself.  These authors expanded their studies to 
other ions in solution with the same resin and concluded that the amount of salt included in 
the resin was always at least than the quantity predicted from Donnan equilibrium analysis.  
Ion pairing was concluded to be the most likely reason for the incorporation of the co-ion in 
the resin.  Further work by Gamalinda et al. [53] revealed that the resin shrinkage recorded 











Figure 12: Complete Langmuir Vageler plots for equilibrium exchange of 2+ ions from 
aqueous solutions of magnesium chloride with DOW MAC-3 sodium exchanged WAC 
resin; Solution normalities as indicated 
Again, ion pairing was postulated as the underlying phenomenon as supported by evidence 
showing that the barium ion-resin activities were related to the resin equivalent fraction.  
Kokotov [54] has previously described the phenomenon of super equivalent ion exchange 
(SEIX) and more recently, Khokhlova [55, 56] outlined a thermodynamic approach to 
understanding the SEIX process.  The latter research identified three SEIX mechanisms 
related to changing sorbate-sorbate associations which were linked to a stoichiometric 
coefficient, β. This coefficient could be measured by changing stoichiometry across the 












Figure 13: Representations of SEIX associations on functional sites: (a) β = 1; (b) β > 1; (c) β 
< 1 
This departure from ‘normal’ stoichiometric ion exchange behaviour to SEIX becomes 
problematic for capacity determination under current popular methods.  The Competitive 
Langmuir function attempts to fit a plateau at the ion exchange capacity, whereas the 
Langmuir Vageler model derives capacity from the highest measured value.  When data is 
modelled containing driving force values that are sufficiently high and/or the ion in question 
has a tendency to associate at the functional sites, the data produced can place a significant 
weighting on sorption models to yield an overestimation of capacity.  A similar issue exists 
when using equivalent fraction plots and subsequent modelling approaches. These models 
rely upon a stated capacity in order to calculate the equivalent fraction variable, which 
varies dramatically from system to system.  For instance, Aniceto et al. [31] investigated 
mass balance ion exchange models in concert with various solution and exchanger phase 
activity coefficient models. These latter models were all based upon mass balances and 
required a complete picture of loading conditions from 0 to 1 equivalent fraction in resin.  
Technically the resin fraction should not exceed 1, as that would mean that the underlying 
principles of ion exchange stoichiometry have been broken.  However, as shown in Figure 
11, and the works of Kokotov [54] and Khokhlova et al. [55], this restriction can be violated 
under conditions that promote SEIX which lead to false resin fraction derivations and 




 In terms of understanding an ion exchange equivalent fraction curve and how it relates to a 
real system the following rules can be considered: Rule 1; Equivalent fraction in solution 
cannot exceed 1: Rule 2; Equivalent fraction in resin/exchanger can exceed 1, however, the 
excess uptake of ions must be attributed to mechanisms that do not include the 
stoichiometric exchange governed by the mass-action law and associated ion exchange 
models.  Rule 1 is inherent to the fact that there are a finite number of exchanging ions 
available, and thus, unless additional ions are added, the total will not change.  For Rule 2, 
consideration should be given to the view of Helfferich, that ion exchange invariably occurs 
with accompanying adsorption processes [50].  The popular Gaines-Thomas approach paired 
with solution and/or exchanger activity coefficient models [27, 30, 33, 57] is unable to 
model this latter possibility.  Vlachy and Haymet [58] reviewed the behaviour of electrolytes 
in micropores such as those found in ion exchange resins, and noted that when multi-valent 
ions were present in solution, electrolytes were attracted into the resin pores.  Apparently, 
the Donnan potential which usually excludes co-ions and thus the electrolyte from the resin 
structure has been overcome by another mechanism.  Monte Carlo simulations reported by 
Vlachy and Haymet [58] suggested that the exclusion coefficient was significantly reduced 
due to the strong interaction between the counter-ions and the surface exchange sites, 
resulting in enhancement of co-ions in the next layer.  The equilibrium ion exchange models 
created by Lukšič et al. [59] further showed that lowering the amount of exchanger material 
in the equilibrium mixture, reduced the value of the Donnan exclusion coefficients, which 
was consistent with the results of this study.  Christensen and Thomsen [60] emphasised the 
importance of co-ion uptake by resins when the solutions studies were of high 
concentration.  Our investigation has refined this latter view to take into account that the 
important factor in terms of equilibrium studies, is the ratio of ions in solution to the resin 
mass present.        
  
4. Conclusions 
The equilibrium exchange of alkaline earth ions with weak acid cation resin has been shown 
to be more complex than previously reported.  Although the affinity of WAC resin for 
alkaline earth ions followed previous trends, the potential for super equivalent ion exchange 
(SEIX) was demonstrated.  The SEIX phenomenon resulted in an inability of conventional 
sorption models such as the Langmuir expression to accurately predict values for the 
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 maximum loading of ions on the resin surface.  Instead, a double selectivity model was able 
to predict the shape of the isotherm profile to a higher degree.  In terms of identifying 
which experimental conditions inhibit or promote the SEIX process, application of the 
Langmuir Vageler model was found to be a useful approach.  Although the Langmuir Vageler 
fit of the data may not be entirely satisfactory over the entire isotherm profile, the observed 
initial period of linearity between the ratio of alkaline earth ions in solution relative to the 
resin quantity, and the equilibrium loading of alkaline earth ions on the resin, allowed 
identification of where SEIX behaviour was initiated.  The Langmuir Vageler model was also 
instructive in terms of development of a consistent and comparable experimental method.   
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Multi-Component Ion Exchange of Calcium, Magnesium, Strontium, and Barium Ions with 
a Weak Acid Cation Resin 
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Water softening of water and wastewater samples prior to a Reverse Osmosis stage is 
routinely practiced in order to minimise the potential for scale deposition on the membrane 
surface.  Ion exchange of alkaline earth ions from solution using synthetic resins is widely 
applied due to its high degree of effectiveness.  However, there is a need to better 
understand the fundamental sorption behaviour in order to optimise resin performance 
over a range of water compositions.  Consequently, this study focussed upon the 
equilibrium behaviour of ternary exchange systems comprising of sodium ions loaded on the 
resin and combinations of two alkaline earth ions in solution.  Simple isotherm models such 
as the Langmuir Vageler and Competitive Langmuir expressions were used to illustrate the 
inadequacies of such models. A two-site model termed the double selectivity model was 
also fitted to our data with limited success. It was discovered that prior to all the surface 
exchange sites being occupied by alkaline earth ions, both alkaline earth species present 
loaded in equal amounts until the number of ions in solution was equal to the measured ion 
exchange capacity. In contrast, once surface sites were fully occupied, equilibrium isotherm 
profiles showed that preferred species such as barium and calcium ions displaced sorbed 
strontium and magnesium ions.  Super-equivalent ion exchange was observed when the 
ratio of alkaline earth ions in the initial solution relative to the mass of resin present was 
relatively high.  Phenomena such as ion pairing were suggested to be responsible for the 
latter behaviour.  The selectivity of the weak acid cation resin for alkaline earth ions was 
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Ce  =  equilibrium concentration of alkaline earth ions in solution (mg/L or 
mmol/L).  
Co  =  initial concentration of alkaline earth ions in solution (mg/L or mmol/L 
or meq/L) 
𝐾𝐾𝑖𝑖
′  = rational selectivity coefficient 
𝐾𝐾𝐿𝐿  = Langmuir equilibrium coefficient 
KLV   =  rate coefficient termed the “half value” 
m   =  mass of resin (g) 
qe  =  equilibrium loading of alkaline earth ions on the resin (mg/g or 
mmol/g or meq/L) 
qmax  = maximum (monolayer) loading of alkaline earth ions on the resin 
(mg/g or mmol/g) 
R  = resin 
SAC  = strong acid cation 
SEIX  =  super equivalent ion exchange 
V   =  volume of solution (L) 
WAC  = weak acid cation 





 1. Introduction 
Desalination of water and wastewater increasingly involves the application of reverse 
osmosis technology [1-4].  For reverse osmosis to operate optimally a critical requirement is 
the pre-treatment of the feedstream to minimise the impact of membrane fouling by for 
example, biological material [5] and contaminants which can cause scale formation such as 
alkaline earths and silica [6-10].  In relation to control of dissolved calcium, magnesium, 
barium and strontium ions a common practice is the use of synthetic resins to soften the 
water prior to final purification by the reverse osmosis stage [11, 12].  Surprisingly, despite 
the widespread use of weak acid cation (WAC) and strong acid cation (SAC) resins for 
softening purposes, there does not exist an extensive literature relating to the fundamental 
properties and performance of these latter materials.  In terms of the selectivity of resins for 
the various alkaline earth ions, Rustam and Shallcross [13] reported that calcium ions were 
preferred compared to magnesium ions when exchanging with a sodium loaded strong acid 
cation (SAC) resin.  Bonner and Smith [14] concluded form a study of Dowex 50 SAC resin 
that the selectivity of alkaline earth ions was in the order Ba > Sr > Ca > Mg, which was in 
harmony with the study of Snoeyink et al. [15] involving sodium exchanged SAC resin.  For 
weak acid cation resin (WAC), Moftah [16] showed that the preference for alkaline earth 
ions was comparable to strong acid cation resin in that barium ions were most preferred 
followed by calcium and then magnesium ions.       
    
Real-world ion exchange softening applications invariably involve treatment of complex 
streams comprising of a multitude of exchangeable ions, encompassing a wide range of 
concentrations.  Despite a vast amount of ion exchange research literature, multi-
component modelling of complex systems did not take place until the late 1970’s when El-
Prince and Babcock used non-idealities in both phases to predict multi-component 
equilibria. Their model used the Wilson equation [17] in the exchanger phase and regressed 
the required parameters by using the Gibbs-Duhem equation.  The model proposed was 
shown to provide good fits to experimental data, however, the simultaneous regression of 
exchanger model parameters and the selectivity coefficients meant the robustness of 
prediction was diminished.  Melis et al. [18] applied a heterogeneous mass action model to 
examine the exchange of binary mixtures of calcium, magnesium and sodium ions as well as 
ternary systems of the aforementioned species, with ion exchange resin.  An acceptable 
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 model fit of the equilibrium exchange data was observed for a range of solution normalities, 
with preference for the higher charged species noted when the solution normality was 
reduced.  Mehablia et al. [19] proposed a model which applied binary system data to 
calculate the equilibrium constant independent of the exchanger model.  Importantly, the 
separation of equilibrium constant calculation and regression of exchanger model 
coefficients led to a more robust platform in multi-component modelling.  Vo and Shallcross 
[20, 21] extensively investigated the optimum means to model binary, ternary and 
quaternary solutions of alkaline earth ions with SAC resin.  The basis of these latter authors 
method was to again apply data from binary exchange systems to more complex multi-
component solutions.  Important conclusions were that the Pitzer model was the most 
suitable approach to calculating solution non-ideal behaviour and that incomplete ion 
dissociation should be considered [21].   
 
The aforementioned modelling strategies have been demonstrated to exhibit considerable 
merit for analysing ion exchange processes.  However, models are only as a good as the 
quality of the data input and in terms of equilibrium studies, there are several factors which 
can lead to problems when generating exchange isotherms.  Lehto and Harjula [22] 
discussed a range of issues such as insufficient characterization of the sorbent material, not 
recording data near the end-points of the isotherm and difficulties in measuring exchange 
capacities.  Foo and Hameed [23] also emphasised the need to understand errors which can 
occur if proper data analysis is not performed.  Recently, our research group has reported 
an equilibrium study of calcium ion exchange with a sodium loaded weak acid cation resin 
[24].  The exchange of calcium ions on the resin surface was shown to be more complicated 
than previously understood, with evidence for super-equivalent ion exchange (SEIX) 
presented.  Super-equivalent ion exchange has been shown to be possible in a range of ion 
exchange situations and due to such physical phenomena such as ion pairing [25, 26].  
Extension of these studies to magnesium, barium, and strontium ion exchange with WAC 
resin revealed similar behaviour to that observed for calcium ions [27].  Millar et al. [28] 
have shown that the bottle-point method employed and experimental parameters chosen, 
substantially influenced the isotherm profile shape and accuracy of maximum loading 
estimates for ions loaded on the resin.  Ayoob and Gupta [29] similarly recognised that the 
bottle-point method was a significant aspect which had received minimal attention, and 
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 recommended that the solution normality should be fixed and the mass of sorbent varied.  
Factors such as varying solution pH and hydrolysis of ions in solution have been 
demonstrated to further complicate the acquirement of unambiguous data [22, 30].  
Limousin et al. [31] also mentioned the possibility of side reactions happening during 
collection of isotherm data such as breakdown of the sorbent material. 
 
This investigation focused upon ternary exchange systems involving various combinations of 
two alkaline earth ions in solution with sodium ions pre-loaded on a weak acid cation resin.   
The aim of this publication was to not only develop an improved understanding of softening 
processes applicable to industry situations but also to advance a systematic set of 
procedures for creation of equilibrium ion exchange isotherms.       
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 2. Material and Methods 
2.1 Resin 
A weak acid cation resin termed MAC-3 was used for the softening studies presented below, 
as supplied by DOW Water & Process Solutions.  The weak acid cation functionality was 
achieved by carboxylic acid groups located on a polyacrylic macroporous structure, which 
was claimed to have a capacity of 3.8 eq/L of dry resin.  The resin arrived in the H+ 
exchanged form and was converted to Na+ form by the following process: Wet resin in H+ 
form was converted in a clear u-PVC ion exchange column of 0.05 m diameter, by a 30 
minute rinse with distilled water at 15 L/hour, followed by exposure to a 4% (w/v) solution 
of NaOH at the same flow rate and duration.  The resin was rinsed several times with water 
post regeneration in order to remove any residual alkalinity within the resin substrate.  To 
ensure this final rinse stage occurred to the desired level, the bed was ‘lifted’ by means of a 




Stock solutions were prepared by dissolving appropriate amounts of desired salt in triply 
distilled water.  Analytical grade barium chloride, calcium chloride, magnesium chloride, and 
strontium chloride were supplied by Rowe Scientific. 
 
2.3 Analysis 
Samples were analysed using a Perkin Elmer Optima 8300 DV Inductively Coupled Plasma 
Optical Emission Spectrometer (ICP-OES) for integration times of 0.15 s with 10 replications. 
Samples were diluted to a concentration of between 1 and 100 mg/L using a Hamilton auto-
dilutor with 10 mL and 1 mL syringes.  A certified standard form Australian Chemical 
Reagents (ACR) was diluted to form multi-level calibration curves.  An external reference 
was used to monitor instrument drift and accuracy of the results. 
 
2.4 Equilibrium Studies 
Equilibrium experiments were undertaking based on methods developed in earlier works  
and modified slightly to incorporate the multicomponent method [24, 27].  In summary, 
pre-determined masses of resin were placed into 40 mL centrifuge tubes to which mixed 
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 solutions of BaCl2, CaCl2, MgCl2, and/or SrCl2 were added.  In each instance, equimolar 
quantities of the two alkaline earth ions were placed into solution to obtain the overall 
desired solution normality.  The samples were then agitated on a rotary shaker unit (Ratek 
Model RSM7DC) at constant revolutions of 50 rpm for 24 h at a temperature of ca. 19 oC.  
After this time it was deemed that equilibrium conditions had been achieved and the 
solutions were separated from the resin beads and then transferred to a centrifuge to 
further separate solid from liquid.  Equilibrium ion concentrations in solution (Ce (mg/L)) 
were measured, and the loading equilibrium value calculated from equation 1: 
Equation 1:    𝐚𝐚𝐞𝐞 =  𝐕𝐕𝐦𝐦 (𝐂𝐂𝟎𝟎 − 𝐂𝐂𝐞𝐞) 
Changes in sodium concentrations were also measured in solution in order to determine the 
stoichiometric correlation between species. 
 
2.4.1 Langmuir Vageler Model 
Vageler and Woltersdorf [32, 33] proposed an empirical expression which correlated the 
starting solution conditions to the equilibrium loading of the species of interest on the 
sorbent material as illustrated in Equation 2. 






2.4.2 Competitive Langmuir Model 
The Competitive Langmuir expression relates the conventional Langmuir model to an ion 
exchange process, as it takes into account the presence of both ions involved in the 
exchange process [34].   
Equation 3:   qe  =   KL qmax CeCo+ (KL−1) Ce 
 
Non-linear Least Squares (NLLS) analysis was used to interpret the equilibrium exchange 
data using the method outlined by Ho et al. [35] and described in more detail in previous 






 2.4 Capacity Measurement 
Resin ion exchange capacity measurements were undertaken as per ASTM standard D2187-
94 [36], pertaining to physical and chemical property measurements of cation exchange 
materials.  Briefly, a 0.01 N NaOH/NaCl solution was prepared and standardised against 
analytical grade potassium hydrogen phthalate, in triplicate.  Subsequently, three Nalgene 
bottles were each filled with 200 mL of the NaOH/NaCl solution followed by 2.00 g of wet 
resin in H+ form.  To ensure that the exchange process proceeded to completion, the 
samples were placed in an incubator (Innova 42R, New Brunswick Scientific) and agitated at 
200 rpm for 24 hours at a temperature of at 30 oC.  Finally, 50 mL samples were collected 
from each equilibrated solution and titrated against a standard 0.1 N HCl solution to 
determine the resin capacity.  Analysis revealed that the average cation exchange capacity 
of the DOW MAC-3 weak acid cation resin was 2.284 meq/g [Table 2] 
 
Table 1: Cation ion exchange capacity data for DOW MAC-3 resin 
Resin Identity Cation Exchange Capacity (meq/g) 
MAC-3 sample 1 
MAC-3 sample 2 





2.5 Resin Moisture Content 
Moisture content was measured for the weak acid cation resin in order to allow more valid 
conclusions to be derived concerning resin capacity estimates from ion exchange 
experiments.  The procedure for calculating moisture content of a synthetic resin was as 
follows.  Moisture content of ion exchange resins was analysed by freeze drying under 
vacuum.  Three representative samples of the resin were weighed into three separate 25 x 
50 mm soda glass vials using an analytical balance.  Initial weights of the soda glass vials 
were taken to the nearest 0.0001 g and the vials were then re-weighed after the addition of 
approximately 1 to 1.5 g of the resin to give an accurate ‘wet’ mass of the resin sample.  The 
soda glass vials were capped to prevent loss of dried resin beds while under vacuum.  The 
resins were dried using a CHRiST Alpha 1-4 LO plus vacuum freezing apparatus set to 0.044 
mbar and -54.0 oC for no less than 24 hours.  After freeze drying, and returning to room 
temperature under vacuum, the soda glass vials were reweighed.  The difference between 
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 the ‘wet’ weight of the resin and the ‘dry’ weight was calculated and converted to a % mass 
loss for each vial [Table 2].  The total % mass loss was then averaged from the three 
replicate values. 
Table 2: Moisture content results for MAC-3 resin 
Sample Moisture content (wt%) 
MAC-3 sample 1 57.06 
MAC-3 sample 2 57.09 
MAC-3 sample 3 57.09 
 
As per the described procedure, the moisture content of the MAC-3 WAC resin was 




 3. Results 
3.1 Ternary Exchange Systems 
3.1.1 Equilibrium Exchange of Magnesium and Strontium Ions with Weak Acid Cation 
Resin 
A 0.01 N solution comprising of dissolved magnesium and strontium chloride solution was 
equilibrated with sodium exchanged WAC resin.  Figure 1 shows not only individual 
isotherms for the exchange of magnesium and strontium ions with the WAC resin but also a 
combined profile for the alkaline earth ions of interest.  It was apparent from the Langmuir 
Vageler fits that during the initial stages of ion uptake on the resin functional groups, that 
magnesium and strontium ions were both favourably loaded.  However, a marked increase 
in the rate of strontium ion uptake relative to Mg2+ uptake was observed once the driving 
force was increased above 0.60 mmol Sr2+ per g of WAC resin.  Simultaneously, the amount 
of magnesium ions on the resin surface actually decreased significantly from a maximum 
value of 0.52 to 0.15 mmol Mg2+/g resin.  The combined isotherm plot illustrated that 
overall the profile was typical of “H” type exchange [37] with the maximum loading of 
alkaline earth ions estimated as 1.2 mmol/g resin, or 2.4 meq/g.  As indicated above, 
capacity measurements of MAC-3 resin [Table 1] suggested that maximum cation exchange 
capacity was approximately 2.28 meq/g, which corresponded well with our isotherm data. 
 
3.1.2 Equilibrium Exchange of Barium and Strontium Ions with Weak Acid Cation Resin 
Figure 2 shows the isotherms obtained when strontium ions were exchanged with sodium 
loaded WAC resin in the presence of barium ions, instead of dissolved magnesium species.  
Similar to the previous experiment in Section 3.1.1, during the initial period of alkaline earth 
ion exchange with the resin surface sites, both barium and strontium ions exhibited rapid 
uptake as seen by the steep slope in the Langmuir Vageler and Competitive Langmuir plots.  
The barium loading was 0.72 at a driving force of 0.72 mmol Ba/g resin and equilibrium 
barium ion concentration of 0.04 mmol/L.  Likewise, the strontium uptake on the resin was 
0.58 mmol/g when a driving force of 0.69 mmol Sr/g resin was applied or an equilibrium 









Combined Uptake of Strontium and Magnesium Ions 
  
Figure 1: Equilibrium isotherms for exchange of a 0.025 N Mg/Sr solution with sodium 
exchanged WAC resin 
 
Following these latter data points, the behaviour of the individual ions diversified in that 
barium ions were highly favoured by the resin and as a consequence the loading increased 











Combined Uptake of Barium and Strontium Ions 
  
Figure 2: Equilibrium isotherms for exchange of a 0.025 N Ba/Sr solution with sodium 
exchanged WAC resin 
 
In contrast, strontium ions were initially diminished in loading value to a minimum of 0.35 
mmol Sr/g resin at a driving force of 8.94 mmol Sr/ g resin, and then the ion uptake actually 
increase to a final value of 0.55 mmol Sr/g resin as the driving force was raised further.  To 
gain an insight into this apparently complex ion exchange behaviour, the combined 
isotherm encompassing the total uptake of alkaline earth ions was informative [Figure 2].  
Both the Langmuir Vageler and Competitive Langmuir approaches show that the resultant 
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 isotherm initially plateaued at an alkaline earth ion loading of 1.29 mmol/g.  However, an 
inflexion in the equilibrium data following a steady increase was observed when the 
equilibrium concentration increased beyond 9.2 to 12.0 mmol/L.  As a result, the loading of 
alkaline earth ions was enhanced to 2.20 mmol/g resin.  The appearance of an inflexion is 
known to occur in  ion exchange studies [38].  As the amount of alkaline earth ions loaded 
on the resin was higher than the quantity of cation exchange sites detected using titration 
methods, one must consider the possibility that the observed isotherm profile was 
characteristic of super-equivalent ion exchange (SEIX) phenomena [26]. 
 
3.1.3 Equilibrium Exchange of Barium and Magnesium Ions with Weak Acid Cation Resin 
From the previous equilibrium data it was expected that barium ions would be more 
preferred by the WAC resin than magnesium ions, and this was indeed the case as 
illustrated in Figure 3.  As before, prior to the resin exchange sites obtaining monolayer 
coverage by the alkaline earth ions, barium and magnesium ions loaded onto the resin until 
a maximum uptake of 0.60 mmol Ba and 0.57 mmol Mg/g resin was achieved.  Magnesium 
ions were subsequently displaced from the resin exchange sites by barium ions as seen by 
the decrease in magnesium ion loading and concomitant enhancement in barium ion 
uptake.  This latter process appeared to be stoichiometric as the overall uptake of alkaline 
earth ions observed in the combined isotherm plot simply exhibited a plateau at ca. 1.20 
mmol/g resin [Figure 3].  Once the driving force was increased above ca. 5.0 mmol for the 
individual alkaline earth ions there was a distinct promotion in the uptake of both barium 
and magnesium ions on the resin.  Interestingly, the co-presence of magnesium ions in 
solution instead of strontium ions [Figure 2] appeared to suppress the super-equivalent ion 
exchange of barium species into the resin. 
 
3.1.4 Equilibrium Exchange of Calcium and Strontium Ions with Weak Acid Cation Resin 
Already, we have found that the behaviour of alkaline earth ternary exchange systems is 
highly dependent upon the combination of ions present in the initial solution.  Exchange of 
an aqueous mixture of calcium and strontium ions with sodium loaded WAC resin revealed 








Combined Uptake of Barium and Magnesium Ions 
  
Figure 3: Equilibrium isotherms for exchange of a 0.025 N Ba/Mg solution with sodium 
exchanged WAC resin 
 
As in all exchange situations investigated so far, preference was not displayed until each ion 
had loaded up to approximately half of the exchanger capacity, or 0.60 mmol/g.  
Immediately beyond this point, calcium ions continued to load positively up to a maximum 
of 1.4 mmol/g at 8.8 mmol/g of driving force (final measured value). Strontium ions 
underwent a small negative deflection post-capacity to 0.56 mmol/g loading at 1.4 mmol/g 








Combined Uptake of Calcium and Strontium Ions 
  
Figure 4: Equilibrium isotherms for exchange of a 0.025 N Ca/Sr solution with sodium 
exchanged WAC resin 
 
The super-equivalent ion exchange process was more evident with this combination of 






 3.1.5 Equilibrium Exchange of Barium and Calcium Ions with Weak Acid Cation Resin 
Barium and calcium ions were loaded in approximately equal amounts (ca. 0.60 mmol/g 
resin) during the initial occupation of the resin surface by the alkaline earth ions [Figure 5].  
This latter behaviour suggested that the affinity of the resin for calcium and barium ions was 
fundamentally similar.  However, a difference in ion uptake characteristics was noted when 
applying a higher driving force (above 0.60 mmol/g resin), wherein the amount of barium 
ions removed from solution and loaded on the resin substantially increased to 0.88 mmol 
Ba/g resin and the calcium ion uptake minimally varied in comparison. The data indicated 
that Ba was a more selectively loaded than Ca; albeit, the results did not seem to show a 
negative in calcium ion uptake beyond measured resin maximum capacity by titration.  
Consequently, the excess barium ion incorporation in the resin was not simply due to 
displacement of calcium species. 
 
3.1.6 Equilibrium Exchange of Magnesium and Calcium Ions with Weak Acid Cation Resin 
In accord with the previous isotherm data collected, calcium ions were preferred by the 
WAC resin relative to magnesium ions in solution [Figure 6].  At the completion of the initial 
loading period as recognised by maximum uptake of magnesium ions for example, the 
uptake of calcium ions was 0.60 mmol/g resin and of magnesium, 0.52 mmol/g resin.  Due 
to the greater selectivity for calcium ions by the resin functional groups, magnesium ions 
were subsequently displaced as the driving force of the exchange process was increased, 
















Combined Uptake of Barium and Calcium Ions 
  
Figure 5: Equilibrium isotherms for exchange of a 0.025 N Ca/Ba solution with sodium 
exchanged WAC resin 
 
Not only was stoichiometric exchange of calcium ions with magnesium ions observed, but 
also an excess of calcium ions was incorporated in the resin once the driving force was 
increased above 9.8 mmol/g resin [Figure 6].  Variants of Ca/Mg systems have been studied 
in the literature before, with Vo et al. [20] and Chakravarti et al. [39] modelling ternary 
systems containing Na ions.  These studies did not identify any instances of SEIX behaviour; 
however it is entirely possible that the systems did not ‘push’ into a region where SEIX 
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 mechanisms could become active. Further, the presentation of equivalent fraction values 
means that the capacity has already been calculated, which depending on the method of 






Combined Uptake of Calcium and Magnesium Ions 
  
Figure 6: Equilibrium isotherms for exchange of a 0.025 N Ca/Mg solution with sodium 






 3.1.7 Sodium exchange stoichiometry 
It was of importance to measure the ratio of Na+ being released from the resin surface to 
the amount of 2+ ions entering the resin [Figure 7].  
 
As can be seen, a number of systems exhibited favourable behaviour to 2+ ion loading, 
which correlated to the ion exchange systems where strong ‘upwards tailing’ was seen in 
the isotherm profiles.  The combination of Sr/Mg, Ba/Sr, Ca/Sr, and Ca/Mg showed the most 
prominent examples of this SEIX behaviour, whereas Ba/Mg, and Ba/Ca tended to display 
primarily stoichiometric behaviour (diagonal line in Figure 7).  Points observed below the 
diagonal line indicated that alkaline earth ions were entering the resin bead but not 























Figure 7: Stoichiometric relationship between the ejection of Na+ ions from the resin and 
the M2+ ions entering the resin 
 
4. Discussion 
4.1 Resin Capacity  
As reported in Section 2.4, the measured capacity of the WAC resin by titration was 2.28 
meq/g of wet resin.  The titrated capacity values can be assumed to be representative of the 
total cation exchange capacity of the resin, since an irreversible reaction involving the 
formation of water was involved [Equation 4]. 
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 Equation 4:   𝐑𝐑 − 𝐇𝐇+ +  𝐍𝐍𝐚𝐚𝐍𝐍𝐇𝐇 → 𝐑𝐑−𝐍𝐍𝐚𝐚+ + 𝐇𝐇𝑸𝑸𝐍𝐍 
Titration to determine resin capacity has been mentioned by several authors including 
Pesavento et al. [40] and by Snoeyink et al. [15].  Lehto and Harjula [22] have outlined the 
specifics of resin titration to calculate exchange capacity in detail and highlighted issues 
which need to be considered when making such measurements.  Significantly, they 
intimated that at higher solution concentrations, sorption of electrolyte such as for example 
NaCl could occur.  This latter observation was important in the context of super equivalent 
ion exchange as discussed more specifically below in section 4.2.    
 
In order to state a definite value for resin capacity the results from titration must be 
correlated with the water content of the resin as this can be variable due to the impact of 
storage and climatic conditions.  Freeze drying of the resin material used in this 
investigation indicated that the water content of the resin was 57.08 %, which compared 
slightly higher to suppliers literature which suggested that the average water content was in 
the range 44 to 52 wt %.  This does not admonish the fact that a provided water content 
provided allows one to compare data between experiments, and in the case of comparing 
our results to manufacturer claims, we in fact see that our capacity results are slightly 
inflated due to the higher water content in our sample. 
 
It is noted that very few publications relating to ion exchange evaluation involving resins 
record water contents of the resin used.  Shallcross and co-workers [13, 20] are one of the 
few research groups that pre-determined the water content of resins employed in their 
exchange studies of softening processes by drying the material in an oven.  Some authors 
have attempted to standardize their results by pre-drying resin at a prescribed temperature 
such as Yu et al. [41], but numerous examples abound of studies where no water content 
measurements have been reported [42, 43].                
 
4.2 Super Equivalent Ion Exchange (SEIX) 
There are a number of contributing factors to the observance of the SEIX effect.  Khokhlova 
[25] and Kokotov [44] identified and discussed the phenomenon in terms of sorbate-sorbate 
interactions.  These sorbate-sorbate interactions were most pronounced in this study for 
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 highly preferred ions such as barium and calcium, and to a slightly lesser extent for 
strontium ions.  Gregor [45] highlighted contributing factors related to external solution 
concentration which had an impact upon the transport of counter ions into the resin.  The 
phenomenon described was due to the Gibbs-Donnan potential across solution and resin 
phases, and tended to exacerbate ion influx when the external solution was low.  A second 
loading SEIX phenomenon was also described by Gregor where it was observed that high 
concentration solutions would facilitate uptake of neutral species.     
 
Figure 8: Schematic of ion exchange of barium and magnesium ions with sodium exchanged 
WAC resin presents the sorbate-sorbate SEIX mechanism as described by Khoklova [25]. a) 
represents the resin in its initial form, where it is assumed that every site is occupied by 
sodium ions. As the resin is introduced to the synthetic salt solutions, b), in this case the 
barium/magnesium system, the divalent ions exchange completely for all the resident 
sodium ions. This scenario is representative of the linear section of a Vageler isotherm, or 
when there are sufficient sites available to accommodate the equilibrium availability of 
counter ions in solution. Since barium ions are more favourably selected by the WAC resin, if 
the resin sites are in deficit when compared to available ions in solution the resin will 
favourably select the more preferred ion which has been shown in our data above. Finally, 
d) represents the SEIX scenario where ions form multilayer sorbate-sorbate interactions 
which can be seen through the inflated loading values measured in our data. Importantly 
the co-ions present maintain electroneutrality of the exchanger, and are present also in the 






Figure 8: Schematic of ion exchange of barium and magnesium ions with sodium 
exchanged WAC resin 
 
The presence of SEIX behaviour was confirmed by not only the sodium ion concentration in 
solution [Figure 8] which showed deviation from the stoichiometric relationship but also the 
fact that recorded capacity was significantly greater than the titrated capacity of the resin.  
Mechanistically, it is not clear yet how the SEIX effect is promoted or suppressed as it was 
apparent from this study that SEIX depended upon the precise composition of the solution.   
 
4.3 Implications of SEIX to Sorption/Thermodynamic Models  
Multi-component thermodynamic models often draw upon binary system coefficients for 
extrapolation to more complex models, as can be seen in works by several authors [46-49]. 
Our data shows that such assumptions are perfectly reasonable for the linear uptake section 
of for example the Vageler isotherm since this region behaves as if the ions are not in 
competition.  Beyond this region, however, the behaviour of the ions may significantly vary 
from binary systems.  As an outcome, the stoichiometric requirements of thermodynamic 
mass balance systems, and therefore the Gaines-Thomas [50] approach used in this region 
of the isotherm, becomes invalid.  Khokhlova [25] has developed a framework for handling 
the SEIX region of an exchange system which considers the changing stoichiometry, and 
adds adjustable variables to account for this latter behaviour. The method is essentially 
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 integration by parts, where extra terms are added to account for changing stoichiometric 
conditions observed under SEIX conditions on top of the standard Gaines-Thomas 
procedure.  As such, authors investigating ion exchange should first be aware of the 
possibility of SEIX, consider the effect that such data may have on their calculations, and 
take the necessary steps to incorporate the mechanistic changes into their results.  
 
In terms of examination of isotherm profiles, SEIX also can complicate analysis of the 
equilibrium exchange process.  For example, Figure 9 illustrates two means of representing 
the Ca/Sr/Na system studied.  Many ion exchange investigations report data in the form of 
an equivalent fraction plot, wherein it is implicitly assumed that a purely stoichiometric ion 
exchange process occurred [38, 51, 52].  Figures 9 a) and b) show equivalent fraction plots 
for systems where a maximum exchange capacity was measured through titration, and a 
system where the highest measured value was set to capacity, respectively.  In this system 
both counter ions loaded favourably onto the resin in excess of the measured ion exchange 
capacity.  Since an equivalent fraction in the resin of 1 represents the complete ion 
exchange capacity, it can be seen that a large proportion of the isotherm profile exists 
above this value when the stated maxima is exceeded, as per figure 9 a).  Use of the highest 
measured loading value as the capacity, as per Figure 9 b), however, would appear in this 
case to invalidate the underlying assumptions of thermodynamic models.  These ‘S’ shaped 
equivalent fraction plots are not uncommon in the literature and are usually interpreted as 
an isotherm that ‘becomes unfavourable’ into the latter stages of loading [18, 53, 54]. 
Whether this interpretation is actually correct resides in the method in which the exchange 
capacity has been declared. 
 
Similarly, the application of sorption models such as the Langmuir Vageler or Competitive 
Langmuir expressions was also not without challenges.  From the combined isotherm plots it 
was evident that the simple sorption models used to fit the equilibrium data were unable to 
simulate the exchange process occurring.  Hence, models which allow for two or more ion 
uptake mechanisms during an ion exchange process may be more useful in aiding 
interpretation of data such as shown in Figure 4.  For example, the double selectivity 
approach outlined by Bricio et al. [55] may be of merit as described in Equation 5. 
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 Equation 5:    𝑌𝑌𝐵𝐵 = 𝑟𝑟 𝐾𝐾1′𝑥𝑥1+(𝐾𝐾1′−1)𝑥𝑥 + (1− 𝑟𝑟) 𝐾𝐾2′𝑥𝑥1+(𝐾𝐾2′−1)𝑥𝑥 
The “r” term related to a distribution of ion uptake between two distinct sites within the 
resin.  Bricio et al. [55] demonstrated that inflexions in sorption isotherms could be 
simulated adequately using the latter model.  
 
The double selectivity model has been applied successfully to zeolite equilibria [56] and 
across cationic membranes [57] through the declaration of two different ion exchange sites. 
In our work, these sites can be broadly categorised as ion exchange and SEIX sites. To 
illustrate, the double selectivity model has been applied to the Ca/Sr/Na system in Figure 9. 
Since the model utilises equivalent fractions, it was of interest to consider the resin fraction 
both in terms of a measured ion exchange capacity, determined by titration, and a working 




Figure 9: a) Equivalent fraction plot with capacity set to titrated value; b) Equivalent 
fraction plot with capacity set to highest measured value 
 
In both cases the model shows an ability to consolidate the SEIX and ion exchange 
behaviour into a single curve, which is an improvement on the standard Langmuir fits. 
However, it must be said the closeness of fit is not satisfactorily achieved here, indicating 
that the model and underlying principles can still be improved upon.  
 
An ion exchange isotherm entering into SEIX behaviour results in invalidation of Gaines-
Thomas due to not satisfying the stoichiometric requirement of the model. To overcome 
this one must either truncate the data set, or apply models that extend Gaines-Thomas to 
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 account for changing stoichiometry, such as Khokhlova’s model [25]. Identification of a true 
capacity therefore becomes an extremely important endeavour. This is best achieved 
through appropriate titration techniques, and the researcher must be careful not to simply 
set the capacity to the highest measured system value.  
 
4.4 Selectivity Sequence 
Based on observations outlined above, a selectivity sequence was ascertained for alkaline 
earth ions exchanged with weak acid cation resin: Ba > Ca > Sr > Mg.  The position of Ca and 
Sr in the sequence was surprising since it has previously been reported that Sr is more 
preferred [58].  Helferrich [59] described the key rules of favourable selection based on 
higher valence, smaller solvated equivalent volume, greatest polarisability, stronger fixed 
group interactions, and low complex formation with co-ions.  Calcium and strontium ions 
share many similarities across these variables, and are very close in polarising power [60, 
61], complex formation, and hydrated volume [62].  Polarizability is also a characteristic of 
the type of exchange site, whether it is sulfonic or carboxylic acid, in the case of SAC and 
WAC resins, respectively. Work by Fajans [63] demonstrated COO- to have a greater 
polarisability potential than SO42-, which when combined with hydrated size and polarising 
power of the ion can lead to selectivity reversal.    
 
5. Conclusions 
The study of ion exchange equilibrium processes needs to be addressed carefully.  The 
presence of super equivalent ion exchange in addition to stoichiometric uptake of alkaline 
earth ions on weak acid cation resin has been demonstrated.  It is recommended to 
researchers in this field of study to always measure the resin capacity by means of titration 
prior to interpreting equilibrium isotherms, otherwise erroneous conclusions may result.  
Additionally, a moisture content of the resin should also be recorded to ensure that 
unambiguous predictions of ion loading on the resin can be made.  Water softening by weak 
acid cation resin has been shown to be a non-trivial process, with different behaviour noted 
for resins prior and post formation of a monolayer of alkaline earth ions on the resin.  Prior 
to monolayer exchange, the selectivity for each individual ion was less pronounced than the 
situation where the exchange sites were fully loaded.  After full loading of the sites, the 
more preferred ions displaced less favoured ions.  Moreover, species such as barium, 
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 calcium, and strontium could all be incorporated in the resin structure beyond 
stoichiometric amounts due to the inclusion of salts i.e. the co-ion also may have entered 
the resin.  The extent of such latter inclusion of salts was dependent upon the identity of the 
alkaline earth ions present in solution.  Super equivalent ion exchange seems to be more 
prevalent than previously thought, as seen by the relative lack of existing literature 
discussing this topic.  However, it is suggested that this latter process is considered when 
investigating ion exchange, especially when seeking to use models that require declaration 
of capacity in determination of loading values.  The Langmuir Vageler model although not 
perfect at describing SEIX, does allow standardization of experimental procedures in terms 
of the relation between moles of ions in the initial solution to the mass of resin used.      
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 Chapter 6 
Ion Exchange Water Softening of Multicomponent Solutions of Calcium, Magnesium, 
Strontium, and Barium Ions 
 
Shannon Papworth, Graeme J. Millar* and Sara J. Couperthwaite 
 
School of Chemistry, Physics and Mechanical Engineering, Science and Engineering Faculty, 
Queensland University of Technology, Brisbane, Queensland, Australia 
 
Practical water softening of water and wastewater solutions invariably requires the removal 
of multiple alkaline earth ions by means of ion exchange with synthetic resins.  This paper 
reports an equilibrium ion exchange study of barium, strontium, calcium and magnesium 
ions with a sodium loaded weak acid cation resin as a function of solution normality and 
composition.  It was found that during the initial stages of the exchange process, the uptake 
of alkaline earth ions was related to the quantity present in solution.  However, once almost 
complete occupancy of the exchange sites by alkaline earth ions occurred there was 
considerable disparity in the exchange behaviour as selectivity factors became important.  
As a consequence, barium and calcium ions were particularly favoured, strontium ions to a 
lesser degree, while magnesium ions were displaced from the resin surface.  Increasing the 
solution normality suppressed the displacement of magnesium ions by competing alkaline 
earth ions and promoted super equivalent ion exchange, which occurred at relatively high 
equilibrium concentrations of dissolved alkaline earth ions.  Individual ion exchange profiles 
for the alkaline earth ions were highly dependent upon solution normality and composition.  
The combined isotherm profiles encompassing total uptake of alkaline earth ions were best 
modelled using the Aranovich-Donohue model which allowed for not only monolayer 
exchange of ions from solution with the resin surface but also for incorporation of 
multilayers.  In this case, salt inclusion at high equilibrium concentrations was proposed to 
be favoured.  Plateaus in the isotherm profiles at ca. 1.2 to 1.3 mmol/g resin corresponded 
to resin capacities obtained by titration.  The selectivity for alkaline earth ion exchange was 
found to depend upon solution normality, with the series being Ba > Ca > Sr > Mg for 
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• Unique insight to isotherms for alkaline earth ion exchange with resin 
• Need to consider super equivalent ion exchange influence upon isotherm profiles 
• Limitations of simple sorption models to simulate water softening behaviour 





Ce    =  equilibrium concentration of alkaline earth ions in solution (mg/L or 
mmol/L).  
Co     =  initial concentration of alkaline earth ions in solution (mg/L or mmol/L 
or meq/L) 
𝐾𝐾𝐿𝐿  = Langmuir equilibrium coefficient 
m   =  mass of resin (g) 
qe  =  equilibrium loading of alkaline earth ions on the resin (mg/g or mmol/g or 
meq/L) 
qmax  = maximum (monolayer) loading of alkaline earth ions on the resin 
(mg/g or mmol/g) 
R  = resin 
WAC = weak acid cation 
SEIX =  super equivalent ion exchange 
V   =  volume of solution (L) 





 1. Introduction 
Water softening remains a key unit operation used throughout the water and wastewater 
treatment industry [1, 2].  Ion exchange is commonly used to remove alkaline earth ions 
from solution [3-5] by means of either synthetic resins [6] or zeolites [7].  Resins are the 
prevalent material used to remediate industrial water challenges [8] and these can be 
strong acid cation [9], weak acid cation [10] or chelating variants [11].  A renaissance in the 
need to understand ion exchange water softening processes in greater depth has arisen due 
to the development of the coal seam gas [12] and shale oil & gas industries [13] in recent 
years.  Both of these latter sectors produce significant volumes of contaminated water 
which requires pre-treatment before beneficial reuse or discharge.  For example, coal seam 
gas water comprises of mainly sodium chloride and sodium bicarbonate dissolved salts 
along with minor quantities of alkaline earths [14].  As reverse osmosis is the preferred 
desalination option for CSG water in Queensland [15], there is a need to inhibit fouling of 
the membranes by scale deposition [8, 16].     
 
Several authors have reported studies of binary exchange systems involving a single alkaline 
earth cation in solution with a counter-ion such as sodium or H+ on the resin surface sites.  
Entezari and Tahmasbi [1] studied the sorption of either calcium or magnesium ions with a 
strong acid cation (SAC) resin and found the uptake process on the resin to be similar for 
each case.  Introduction of ultrasound improved the rate of exchange and ultimate cation 
capacity of the resin due to cavitation effects.  Singare et al. [17] also probed the 
equilibrium exchange characteristics of alkaline earth ions with a proton exchanged strong 
acid cation resin and concluded that the order of selectivity was Ba2+ > Sr2+ > Ca2+ > Mg2+.  
Cantea et al. [18] further revealed that the exchange of calcium and magnesium ions with a 
macronet SAC resin was highly dependent upon resin structure and rates of diffusion within 
the pores.  Jiang et al. [11] evaluated the kinetics and equilibrium behaviour of calcium and 
magnesium ions with two chelating resins and proposed that high levels of alkaline earth ion 
removal could be achieved and that the kinetics were best described by a pseudo first order 
rate equation.  The rate controlling step was thought to incorporate both film and 
intraparticle diffusion.  Millar et al. [19] investigated the interaction of calcium ions in 
aqueous solution with a sodium exchanged weak acid cation resin and discovered that 
choice of experimental parameters for equilibrium ion exchange tests was important.  The 
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 Langmuir Vageler expression was found to be helpful in terms of ensuring a complete 
isotherm profile was obtained.  The weak acid cation resin was also found to partially 
hydrolyse in solution, and in addition evidence for inclusion of salts in the resin was 
observed at high values of equilibrium calcium ion concentration.  Super equivalent ion 
exchange (SEIX) has been described in the literature and may be due to ion pairing [20, 21].      
 
The study of multi-component solutions of alkaline earth ions has not been pursued to the 
same degree as simpler binary systems, despite the greater relevance to real solutions from 
the environment or industry.  Vo and Shallcross [22] presented a detailed ion exchange 
equilibrium study of binary, ternary and quaternary systems involving H+, Na+, K+, Mg2+ and 
Ca2+ ions with Amberjet 1200H resin.  Thermodynamic modelling of the exchange process 
was conducted based upon the model developed by Mehablia et al. [23] wherein solution 
activities were estimated using the Pitzer model and solid activities by the Wilson model.  
The main conclusion of this latter publication was that the outlined model could successfully 
model multi-component ion exchange systems based upon data from constituent binary 
exchange data.  Recently, Rustam and Shallcross [24] extended the studies of Vo and 
Shallcross [22] to examine the impact of solution temperature upon the exchange equilibria.  
When the binary ion exchange systems were studied it was found that temperature had 
minimal effect upon the equilibrium state, however, for non-symmetric systems preference 
was shown for the multi-valent ion as temperature increased.  Aniceto et al. [25] further 
analysed the data of Vo and Shallcross [22] using the non-random two-liquid (NRTL) and 
universal quasi-chemical (UNIQUAC) to estimate the activity coefficients for the solid phase.  
It was reported that the NRTL and Wilson models predicted very similar values whereas the 
UNIQUAC model was less accurate in its outputs.  Recently, Khokhlova [26] has derived a 
thermodynamic model which includes the super equivalent ion exchange process and thus 
extends the applicability of previous expressions.         
 
There is no doubt that water softening processes employing ion exchange have benefitted 
from some excellent prior work.  However, there are still unanswered questions such as 
how alkaline earth ions interact with each other as they exchange with resin surfaces, 
whether selectivity is impacted by solution normality or composition and what factors 
impact the extent of super equivalent ion exchange.  Therefore, this study concerned 
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 equilibrium ion exchange of multi-component solutions of alkaline earth and sodium ions.  
Not only were individual loading profiles studied but also the combined isotherm profiles for 
all alkaline earth ions present.  Changes in solution normality and composition were the 
major variables investigated when the ions in solution were equilibrated with sodium 





 2. Materials and Methods 
2.1 Resin 
A weak acid cation (WAC) resin produced by DOW Water & Process Solutions with the 
product name MAC-3 was selected for this study. The WAC resin featured carboxylic acid 
functionality, a macroporous structure, and stated minimum exchange capacity of 3.8 eq/L. 
The resin was treated from H+ to Na+ form through the following procedure: ‘Wet’ resin was 
placed into a u-PVC column with a diameter of 0.050m and rinsed at 15 L/hr over the course 
of 30 minutes. The washed resin was then treated with a 4% (w/v) solution of sodium 
hydroxide at the same flow rate for an additional 30 minutes. Conductivity and pH 
measurements were continuously taken from the outlet of the column to ascertain the 
completion of the process. The resin then went a final wash step with a fast and slow rinse 
until conductivity and pH stabilised. 
 
2.2. Resin Capacity and Moisture Content 
It was of great importance to ascertain the true ion exchange capacity of the WAC resin 
outside of isotherm derivations. As such, the capacity was determined through a titration 
method as described by ASTM standard D2187-94 [27]. The process undertaken involved 
triplicate 2.00g samples of the WAC resin being introduced to an excess of a standard 
0.010N NaOH/NaCl solution. The samples were allowed to find equilibrium over 24 hours 
through constant 200RPM agitation in an incubator (Innova 42R, New Brunswick Scientific) 
at 30oC. The resin and solution were separated upon completion and 50.0mL samples of 
each equilibrium solution were titrated against a standard 0.1N HCl solution to determine 
the true capacity. Measurements indicated an ion exchange capacity of 2.284meq/g for 
DOW MAC-3 WAC resin. Results are summarised in table 1, below. 
 
Table 1: Cation ion exchange capacity data for DOW MAC-3 resin 
Resin Identity Cation Exchange Capacity (meq/g) 
MAC-3 sample 1 
MAC-3 sample 2 








 Moisture content calculations were also undertaken for this resin. The procedure 
undertaken involved freeze drying samples under vacuum. Three representative samples 
were weighed into pre-weighed separate 25x50mm soda vial glasses and dried using a 
CHRiST Alpha 1-4 LO plus Vaccum set to 0.044 mbar and  -54.0oC over 24 hours. Once 
completed, the samples were allowed to return to room temperature while remaining 
under vacuum, and reweighed to calculate the moisture loss. The total % mass loss was 
reported as follow: 
 
Table 2: Moisture content results for MAC-3 resin 
Sample Moisture content (wt%) 
MAC-3 sample 1 57.06 
MAC-3 sample 2 57.09 
MAC-3 sample 3 57.09 
 
As per the described procedure, the moisture content of the MAC-3 WAC resin was 
recorded as 57.08 wt %. 
 
2.3 Chemicals 
Aqueous solutions were prepared using triple distilled water to which appropriate amounts 
of salt were added. Analytical grade barium chloride, calcium chloride, magnesium chloride, 
and strontium chloride were supplied by Rowe Scientific. 
 
2.4 Analysis 
Experimental measurements were made using a Perkin Elmer Optima 8300 DV Inductively 
Coupled Plasma Optical Emission Spectrometer (ICP-OES). Integration times were reported 
as 0.15 second and utilised 10 replications. Samples were pre-diluted to achieve acceptable 
calibration curve ranges using a Hamilton auto-dilutor with 10 mL and 1 mL syringes. A 
certified standard supplied by Australian Chemical Reagents (ACR) was diluted to form the 
relevant multi-level calibration curves and was monitored by an external reference standard 




 2.5 Equilibrium Ion Exchange Studies 
Equilibrium samples were developed by placing deliberate amounts of resin into 40mL 
centrifuge tubes, to which the desired solution was applied. Samples were agitated on a 
rotary shaker unit (Ratek Model RSM7DC) at 50 RPM for 24 hours at a constant temperature 
of 19oC. The solution was then separated from the resin immediately, centrifuged to ensure 
complete removal of resin, and then analysed. Equilibrium concentration was inferred by 
the following relationship: 
Equation 1:    𝐚𝐚𝐞𝐞 =  𝐕𝐕𝐦𝐦 (𝐂𝐂𝟎𝟎 − 𝐂𝐂𝐞𝐞) 
Where: qe = equilibrium loading of calcium ions on the resin (mmole/g); V = volume of 
solution (L); m = mass of resin (g); C0 = initial concentration of calcium ions in solution 
(mmole/L); Ce = equilibrium concentration (mmole/L) 
 
2.5.1 Competitive Langmuir Model 
The Competitive Langmuir expression is an ion exchange version of the popular Langmuir 
model, which takes into account the presence of both ions involved in the exchange process 
[28] [Equation 2]. 
Equation 2    𝒌𝒌𝑴𝑴𝑸𝑸+
𝑵𝑵𝒂𝒂+
�
 =   [𝑹𝑹𝑸𝑸𝑴𝑴] [𝑵𝑵𝒂𝒂+]𝑸𝑸
�𝑴𝑴𝑸𝑸+� [𝑵𝑵𝒂𝒂+𝑹𝑹]𝑸𝑸                                                   
In more generic notation, equation 2 can be written as: 
Equation 3    𝒌𝒌𝑴𝑴𝑸𝑸+
𝑵𝑵𝒂𝒂+
�
 =   𝒒𝒒𝒆𝒆,𝑴𝑴𝑴𝑴 �𝑪𝑪𝒆𝒆,𝑵𝑵𝒂𝒂�𝑸𝑸
𝑪𝑪𝒆𝒆,𝑴𝑴𝑴𝑴  �𝒒𝒒𝒆𝒆,𝑵𝑵𝒂𝒂�𝑸𝑸   
Applying the mass balance qt (meq/L) = qe,Na (meql/L) + qe,M (meq/L) and Co (meq/L) = Ce,M 
(meq/L) + Ce,Na (meq/L) we get Equation 4 [28] 
Equation 4   𝒒𝒒𝒆𝒆,𝑪𝑪𝒂𝒂𝑸𝑸+  =   𝒌𝒌 𝒒𝒒𝒕𝒕 𝑪𝑪𝒆𝒆,𝑴𝑴𝑴𝑴𝑪𝑪𝒐𝒐+ (𝒌𝒌−𝟏𝟏) 𝑪𝑪𝒆𝒆,𝑴𝑴𝑴𝑴  
 
2.5.2 Aranovich-Donohue Model 
The Aranovich-Donohue (AD) equation is suitable for modelling isotherms with the ‘L3’ 
profile according to the classification reported by Hinz [29].  Aranovich and Donohue [30] 
developed a general sorption equilibrium expression which allowed for not only monolayer 
uptake of sorbate but also multi-layer formation.  In theory, any isotherm equation can be 
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 incorporated into the Aranovich and Donohue model and in this study we have used the 
Langmuir version [Equation 5].  






 3. Results 
3.1 Ion Exchange of a 0.010 N Solution Comprising Barium, Calcium, Strontium, and 
Magnesium in the Molar Ratio 1:1:1:1 with Na+ - WAC Resin 
A 0.010 N solution containing dissolved barium, calcium, magnesium, and strontium ions in 
equal molar amounts was equilibrated with various masses of sodium exchanged WAC resin 
[Figure 1].  During the initial stage of ion loading on the resin, all four alkaline earth species 
were exchanged in approximately equal amounts to give individual loading of ca. 0.3 
mmol/g resin (cumulative uptake of ca. 1.23 mmol/g resin).  However, once the surface sites 
had been filled with alkaline earth ions contrasting behaviour was noted for each alkaline 
earth ion present.  Barium ions exhibited a dramatic increase in uptake on the resin with an 
eventual final loading of 0.78 mmol Ba/g resin recorded.  Calcium ions similarly 
demonstrated an enhancement in affinity for the resin as they also increased in uptake to 
0.63 mmol Ca/g resin.  The sorption profile for strontium ions was more complex in nature, 
with a slight decrease in loading observed up until an equilibrium concentration of 2.56 
mmol/L, followed by a rise in loading to 0.30 mmol Sr/g resin.  The promotion in barium and 
calcium ion loading on the WAC resin appeared to be primarily at the expense of 
magnesium ions which showed a pronounced reduction in loading to a value of only 0.037 
mmol Mg/g resin.     
 
Examination of the cumulative isotherm for all four alkaline earth ions loaded on the WAC 
resin [Figure 2] revealed a more typical “H type” profile [31, 32] which was characteristic of 
exchange of ions from solution which had a high affinity for the resin surface sites.  Although 
a distinct plateau was evident for uptake of alkaline earth ions at ca. 1.23 mmol/g resin, 
there did appear to be an inflection in the data at high values of equilibrium concentration 
of ions in solution.  It was apparent that the conventional Langmuir model could not 
adequately fit the combined isotherm profile, and as such equations which considered not 
only ion exchange but also multi-layer sorption were required.  Aranovich and Donohue [30] 
described an expression relating to sigmoidal shaped isotherms where the loading of 
sorbate on the sorbent rapidly escalated as Ce approached Co.  Application of the Aranovich-
Donohue equation has been demonstrated by Kim et al. [33] wherein they used Langmuir, 
Toth, UNILAN and Sips versions to fit data for water sorption on metal oxides.  Similarly, 
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 Liang et al. [34] reported sigmoidal isotherms when investigating the uptake of lead ions in 






Competitive Langmuir fit A-D Langmuir fit 
  
Figure 1: Ion Exchange of a 0.010 N Solution Comprising Barium, Calcium, Strontium, and 
Magnesium in the Molar Ratio 1:1:1:1 with Na+ - WAC Resin: Individual Isotherms 
 
The Aranovich-Donohue expression was again found to fit the experimental data better 
than Langmuir, Freundlich, or Langmuir-Freundlich models.  In harmony with the latter 
illustration of previous literature, the Competitive Langmuir fit was not able to 
accommodate the inflexion in the isotherm profile [Figure 1], whereas the Aranovich-
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 Donohue model accounted for the upwards trend in alkaline earth ion loading at high 
equilibrium concentrations.  Estimates for the maximum cation exchange capacity for the 
resin were 1.38 and 1.32 mmol/g resin, respectively.            
 
 
Figure 2: Deviations from “ideal” loading for a 0.010 N 1:1:1:1 Ba, Ca, Sr, Mg system 
 
As shown in Figure 1, the relationship between the exchanging alkaline earth ions is not 
trivial.  To clarify the situation, a plot was created wherein the x-axis was a measure of the 
“driving force” of the exchange i.e. moles of alkaline earth ions in the initial solution relative 
to mass of resin present, and the y-axis represented the deviation from “ideal” loading of 
the individual ion [Figure 2].  For example, as the titrated capacity of the resin was ca. 1.18 
mmol/g resin then for a 1:1:1:1 Ba, Ca, Sr, Mg system the ideal loading would be 0.295 
mmol/g for each individual ion present.  Hence, negative values indicated that monolayer 
coverage of the resin had not occurred yet, whereas positive values were conditions where 
super equivalent ion exchange was present [Figure 2].  It is noted that the use of the 
“driving force” concept initially outlined by Helfferich [35] allows standardization of 
experimental data as it involves a ratio of ions in solution to sorbent mass, a concept which 
has shown to be important when comparing data from different experiments [19, 36, 37].  
Figure 2 supports the hypothesis that the alkaline earth ions loaded on the resin in a similar 
manner prior to monolayer exchange conditions.  As the “driving force” was increased the 
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 major displacement of magnesium ions from the resin surface was apparent and the excess 
uptake of barium and calcium species observed.                   
 
3.2 Ion Exchange of a 0.025 N Solution Comprising Barium, Calcium, Strontium, and 
Magnesium in the Molar Ratio 1:1:1:1 with Na+ - WAC Resin 
It was of interest to determine the impact of solution normality upon the exchange 
behaviour of alkaline earth ions with WAC resin.  Consequently, an experiment was 
conducted wherein the solution normality was increased to 0.025 N.  Equilibrium exchange 
isotherms [Figure 3] again indicated that barium and calcium ions were the most preferred 
species to be loaded onto the resin.  In comparison to the 0.010 N solution, there were clear 
differences in the manner by which the ions interacted with each other and the surface 
sites.  The initial loading of ions was similar to the 0.010 N case, in that all four alkaline earth 
ions were loaded to ca. 0.3 mmol/g resin.  Barium and calcium were highly preferred with 
increases to 0.93 mmol/g and 0.51 mmol/g, respectively.  However, it was noted that the 
displacement of magnesium ions was not as pronounced as in the 0.010 N experiment, as 
the lowest quantity of magnesium sorbed on the resin was 0.15 mmol/g resin in contrast to 
0.037 mmol/g resin.  Resurgence in magnesium loading was also evident once the 
equilibrium concentration of magnesium ions exceeded 1.63 mmol/L [Figure 3].  Strontium 
ion behaviour more closely paralleled the results measured for the 0.010 N solution as only 
a slight decrease in strontium uptake was noted up to an equilibrium concentration of 0.76 
mmol/L.  The minor increase in strontium loading noted for high Ce values in the 0.010 N 
test was considerably enhanced in magnitude in the 0.025 N solution to a final value of 0.47 
mmol Sr/g resin.  
 
The combined isotherm profile for the 0.025 N solution displayed a plateau region which 
was estimated to be 1.38 mmol/g resin by the Competitive Langmuir model and 1.23 
mmol/g resin using the Aranovich-Donohue expression [Figure 3].  Although, both values for 
the monolayer exchange capacity were higher than the titrated cation capacity of the resin 
studied (ca. 1.18 mmol/g resin) the AD model could be seen to be more accurate, as in the 
case for the 0.010 N solution [Section 3.1].  The Aranovich-Donahue (AD) expression also 
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Figure 3: Ion Exchange of a 0.025 N Solution Comprising Barium, Calcium, Strontium, and 
Magnesium in the Molar Ratio 1:1:1:1 with Na+ - WAC Resin 
 
Figure 4 revealed that the increase in solution normality had significantly influenced the 
manner in which the alkaline earth ions were loaded on the resin [c.f. Figure 2].  The uptake 
of all four alkaline earth ions prior to monolayer exchange did not appear to be impacted by 
the increase in solution normality.  In contrast, post monolayer formation there was a 
distinct promotion in the barium loading which was in excess of stoichiometric ion exchange 
limitations.  Strontium was now favoured at the highest “driving force” conditions, and 
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 again the uptake did not correlate with an ion exchange process.  Calcium ions did not load 
to the same degree as observed for the 0.01 N solution.      
 
Figure 4: Deviations from “ideal” loading for a 0.025 N 1:1:1:1 Ba, Ca, Sr, Mg system 
 
3.3 Ion Exchange of a 0.050 N Solution Comprising Barium, Calcium, Strontium, and 
Magnesium in the Molar Ratio 1:1:1:1 with Na+ - WAC Resin 
It was apparent from the previous studies that solution normality influenced the loading 
process for alkaline earth ions on WAC resin.  Therefore, it was prudent to further increase 
the solution concentration to 0.050 N while again maintaining the ions in solution in equal 
molar amounts [Figure 5].  Calcium ions appeared to be the most favoured ion by the resin 
at this high value of solution normality, in contrast to the previous tests in Section 3.1 and 
3.2 which indicated barium ions were the preferred ion.  Final loading of these ions was 0.66 
and 0.55 mmol/g resin, respectively.  Raising the normality of the starting solution resulted 
in the smallest loading depreciation of strontium and magnesium ions observed for the 
three solution normalities evaluated, post formation of a monolayer of alkaline earth ions 
on the resin surface (ca. 1.16 mmol/g resin) [Figure 6].  Strontium ion uptake was minimally 
affected by the presence of the competing barium and calcium ions in solution, and actually 
increased to a final value of 0.31 mmol Sr/g resin [Figure 5].  Similarly, magnesium ion 
loading although slightly diminished between Ce values of 0.31 to 3.79 mmol/L, eventually 
increased significantly in uptake to 0.38 (the highest magnesium loading noted in the three 
solution normality experiments).  The cumulative isotherm plot [Figure 5] was very similar 
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 to that for the 0.025 N solution [Figure 3] in that a plateau was observed at 1.40 and 1.25 
mmol/g, as calculated using the Competitive Langmuir and Aranovich-Donohue models, 
respectively.  As for the 0.010 and 0.025 N solutions, a region representative of super 
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Figure 5: Ion Exchange of a 0.050 N Solution Comprising Barium, Calcium, Strontium, and 




 Figure 6 showed that the higher solution normality generally suppressed the super 
equivalent ion exchange process, in terms of the magnitude of the change relative to “ideal” 
loading.  Comparatively few ions were displaced from the resin surface post alkaline earth 




Figure 6: Deviations from “ideal” loading for a 0.050 N 1:1:1:1 Ba, Ca, Sr, Mg system 
 
From the three experiments described in Sections 3.1 to 3.3, the following trends were 
identified.  The uptake of barium and calcium ions into the resin was greatly inflated when 
solution concentration was low; barium was the most preferred counter ion at 0.010 N and 
0.025 N solution concentrations; calcium uptake was in excess of barium uptake at 0.050 N; 
strontium tended to load at values close to “ideal behaviour”, but was less favoured than 
barium and calcium; magnesium was highly selected against at low concentrations, 
however, as the concentration was raised to 0.050 N magnesium was seen to incorporate in 
the resin by means of SEIX.  
 
3.4 Ion Exchange of a 0.010 N Solution Comprising Barium, Calcium, Strontium, and 
Magnesium in the Molar Ratio 4:3:2:1 with Na+ - WAC Resin 
Based upon the latter equilibrium data which illustrated the complex nature of alkaline 
earth ion exchange with WAC resin, it was of interest to examine the effect of changing the 
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 fraction of ions present in solution while maintaining overall static solution normality.  
Therefore, instead of using a solution comprising of equal molar amounts of alkaline earth 
ions, the ratio  studied was 4 Ba:3 Ca:2 Sr:1 Mg [Figure 7].  Increasing the concentration of 
barium relative to other species seemed to have a detrimental effect on the ability of 
barium to load to values seen in other systems.  An increase beyond monolayer formation, 
or physical ion exchange capacity, to a final loading of 0.57 mmol/g was observed which 
correlated to a relative change of 24% [Figure 8].  The “ideal” loadings in this case were 
based upon the following assumptions: titrated resin capacity was equal to 1.182 mmol/g; 
Ba expected to load up to 0.473 mmol/g; Ca = 0.355 mmol/g; Sr = 0.236 mmol/g; and, Mg = 
0.118 mmol/g.  Calcium also underwent a relative loading depression compared to other 
systems, with a maximum measured loading of 0.52 mmol/g [Figure 7], or a relative increase 
of 53 % [Figure 8].  As was seen in the 0.050 N solution a preference change toward calcium 
over barium was observed indicating that barium loses preference quite significantly at 
inflated concentrations.  Strontium and magnesium ions again suffered loading losses at the 
expense of barium and calcium.  Strontium ions post-monolayer underwent a loading 
depression before returning to a value of 0.22 mmol/g at 3.7 mmol/L.  In normalised terms, 
the maximum depreciation in loading was observed to be -15%.  The largest depression in 
loading was seen for magnesium ions which reached a low of 0.042 mmol/g at 1.88 mmol/L. 
This reduction equated to a -63% loading change from the listed expected value [Figure 8]. 
Overall, the system featured a distinct plateau region at 1.27 mmol/g resin, which was in 
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Figure 7: Ion Exchange of a 0.010 N Solution Comprising Barium, Calcium, Strontium, and 





Figure 8: Deviations from “ideal” loading for a 0.010 N 4:3:2:1 Ba, Ca, Sr, Mg system 
 
3.5 Ion Exchange of a 0.010 N Solution Comprising Barium, Calcium, Strontium, and 
Magnesium in the Molar Ratio 1:2:3:4 with Na+ - WAC Resin 
The question arose what would happen if the major species in solution was the least 
preferred alkaline earth ion, magnesium.  Consequently, a 0.010 N solution was generated 
which had the following ratio of components 1 Ba:2 Ca:3 Sr:4 Mg [Figure 9].  As minority 
components, barium and calcium ions were seen to load to a normalised value in excess to 
the 4:3:2:1 system.  Barium ions saw a relative increase 110 % beyond the expected share of 
ion exchange capacity to a maximum loading value of 0.24 mmol/g at 1.40 mmol/L. The 
“ideal values” used to generate the profile exhibited in Figure 10 were based upon the 
following loadings: Ba = 0.118 mmol/g; Ca = 0.236 mmol/g; Sr = 0.355 mmol/g; and, Mg = 
0.473 mmol/g.  Calcium uptake was similarly inflated when compared to the 4:3:2:1 system 
and was observed to increase to 119% of the expected value at equilibrium. This 
corresponded to a 0.50 mmol/g loading figure achieved at 3.07 mmol/L.  Strontium 
behaviour was a particular contrast to the other measured systems.  Beyond ion exchange 
capacity strontium ions in this system did not undergo any negative loading deviations, and 
instead rose to a relative increase of 10 %.  The 10 % increase was a very minor change in 
loading, and can qualitatively be observed as a plateau region in the individual ion plot of 
0.379 mmol/g from 0.385 mmol/L to 4.00 mmol/L. The magnesium loading reduction was 
also lessened in this system and saw a maximum deviation of -32% which corresponded to 
178 
 
 0.31 mmol/g at 5.54 mmol/L.  The combined isotherm profile displayed a defined plateau at 
a loading value of 1.20 mmol/g (for both Competitive Langmuir and AD models) before 








Competitive Langmuir fit A-D Langmuir fit 
  
Figure 9: Ion Exchange of a 0.010 N Solution Comprising Barium, Calcium, Strontium, and 





Figure 10: Deviations from “ideal” loading for a 0.010 N 1:2:3:4 Ba, Ca, Sr, Mg system 
 
Table 3: Summary of Calculated Data from Competitive Langmuir and Aranovich-Donohue 




Normality (N) Qmax (mmol/g) KL (L/mmol) 
1:1:1:1  0.010 1.38 79.22 
1:1:1:1 0.025 1.38 90.61 
1:1:1:1 0.050 1.40 63.02 
1:2:3:4  0.010 1.27 133.13 




Normality (N) Qmax (mmol/g) KL (L/mmol) n 
1:1:1:1  0.010 1.32 22.70 0.56 
1:1:1:1 0.025 1.23 11.21 0.16 
1:1:1:1 0.050 1.25 2.97 0.14 
1:2:3:4  0.010 1.27 48.49 0.11 




 Table 3 shows the derived model variables as fitted by Competitive Langmuir and 
Aranovich-Donohue models. The data suggests a trend indicating loading is inflated at low 
concentrations, and if species are present in uneven quantity that the selected species are 
the minority components. 
4. Discussion 
4.1 Exchange Behaviour Prior to Monolayer Ion Exchange Capacity 
The entire alkaline earth ion loading data from the variable solution normality and 
composition experiments was overlaid as shown in Figure 11.  The equilibrium data was 
standardized by calculating the ratio of the ions in the initial solution and relating this value 
to the equilibrium loading of alkaline earth ions on the resin, analogous to the Langmuir 
Vageler procedure [19, 38].  A linear relationship of gradient ca. 1.0 was observed in 
agreement with previous studies of calcium ion exchange in aqueous solution with weak 
acid cation resin [19].  A gradient of 1 was indicative not only of a strong affinity for the 
exchanging ions in solution with the resin functional sites, but also that the changing system 
conditions had seemingly no effect on this region of the isotherm.                
 
Figure 11: Correlation between initial solution composition and equilibrium loading of 
alkaline earth ions  prior to utilization of monolayer ion exchange capacity  
 
4.2 Exchange Behaviour Post Monolayer Ion Exchange Capacity 
A significant amount of data has been presented here that portrays varying complex 
systems involving barium, calcium, strontium, and magnesium ions.  We have presented a 
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 unique way to look at produced isotherms by way of analysing a system in parts as opposed 
to a summary of all ions in solution. This separation into parts can be achieved through a 
simple Langmuir form whereby equilibrium concentration is plotted against equilibrium 
loading or alternatively through normalised methods such as the Vageler driving force 
variable [38] or through equivalent fractions. In each case loading deviations were observed 
which suggested ion preference is more complicated than is commonly suggested when the 
ion exchange capacity of a weak acid cation resin is exceeded by the number of available 
counter ions in solution. This latter region corresponds also to super equivalent ion 
exchange (SEIX) behaviour which was observed most prominently in the 1:1:1:1 systems 
[Figure 1, Figure 3, Figure 5].  
 
The ability to track individual ions through their loading isotherm is a particularly powerful 
tool as it provides a point-by-point breakdown of selectivity changes and effects. We’ve 
presented the changes here in two ways: first as individual Langmuir plots to indicate that a 
multicomponent ion exchange isotherm is complex in nature [Figure 1, Figure 3, Figure 5, 
Figure 7, Figure 9]; secondly as deviations from ‘expected’ loading behaviour [Figure 2, 
Figure 4, Figure 6, Figure 8, Figure 10]. The former method acts as more of a qualitative tool 
and can allow one to quickly ascertain the effect of an individual ion on a particular part of 
the exchange isotherm. The second portrayal allows quantitative analysis of the individual 
ions and the system as a whole. For instance, based on the aforementioned figures, we can 
deduce that the effect of concentration on SEIX behaviour is exacerbated at low 
concentrations where barium and calcium ions are highly favoured, and overcome the large 
magnesium and strontium negative loading also observed. Further, when these favoured 
ions are in minority at the 0.010N system, as per the 1:2:3:4 system, they are more 
preferred than the 4:3:2:1 system at the same concentration. The magnitude of the barium 
and calcium loading increases is however less than the 1:1:1:1 system at 0.010N, and can be 
explained due to the increased relative preference for the lesser preferred ions at their 
increased amount. 
 
This complex behaviour falls outside the scope of a simple Competitive Langmuir fit since 
the fundamental equation is not able to adapt to the complex curve shape when SEIX is 
observed. Implementing the A-D Competitive Langmuir equation produced excellent fits to 
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 the data, and importantly was able to maintain a useful derivation of capacity as opposed to 
just being a mathematic fit, as per multilayer complexation models such as the Double 




 4.3 Sodium spiked solutions 
It was also of interest to determine the effect of including sodium as a solution-based 
counter-ion species on the loading of the more preferred divalent ions since this type of 
system more accurately reflects the nature of a typical produced CSG water sample [40]. A 
number of experiments were conducted at a combined concentration of 0.010N with 
respect to the divalent ions, to which 500, 5000, and 10 000ppm of sodium was added. This 
data is presented below using the Vageler ‘driving force’ variable as reported in our earlier 
works [19]. Essentially, this displays the relationship between ion loading (mmol/g) and 
























Figure 12: Spiked sodium data; a) overlay showing barium loading changes; b) overlay 
showing calcium loading changes; c) overlay showing strontium loading changes; d) 
overlay showing magnesium loading changes; e) overlay showing total system loading 
change 
Figure 12: Spiked sodium data; a) overlay showing barium loading changes; b) overlay 
showing calcium loading changes; c) overlay showing strontium loading changes; d) overlay 
showing magnesium loading changes; e) overlay showing total system loading change 
highlights a number of interesting properties of selected ion loading in high TDS systems. 
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 Analysis of individual ion loading profiles shows very individual responses to the sodium 
presence. The linear relationship shown earlier in section 4.1 was not observed here; 
instead the direct effect of sodium competition was observed through a loading maxima 
reduction in individual profiles as well as the total M2+ isotherm. The ability of the divalent 
ions to load up freely into resin functional sites in the Vageler linear region was diminished 
in the presence of increasing amounts of sodium counter ions (solution based), despite 
sodium being generally less favoured. The significant change in barium preference was of 
particular interest, showing reduction maxima from ca. 0.5 mmol/g at the 500 ppm sodium 
addition, to ca. 0.3 mmol/g at the 10 000 ppm sodium addition. 
 
5. Conclusions 
Multi-component ion exchange as exemplified by the removal of alkaline earth ions from 
solution using a weak acid resin is highly dependent upon solution normality and 
composition.  Using results from binary exchange systems to model ternary, quaternary or 
quinary solutions may be viable in some cases but not in all.  Thermodynamic models based 
upon the law of mass action require data for a complete isotherm.  However, at high values 
of equilibrium ion concentration in solution, the super equivalent ion exchange effect can 
occur, which in turn precludes accurate estimates of capacity measurements.  Application of 
standard sorption models such as Langmuir and Freundlich may not simulate 
multicomponent exchange due to the inherent process complexity.  Instead, either sorption 
models with provision for multi-layer formation or thermodynamic models which include 
super equivalent ion exchange phenome are required. The Aranovich-Donohue model as 
applied to the Competitive Langmuir model produced very good fits to the complex data 
observed, and was able to derive capacity values which were closer to the values obtained 
using the standard model. The effect of increased sodium content in solution was also 
examined. Results indicated a large reduction in loading for divalent ions as sodium 
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 Chapter 7 
1. Summary of completed works 
1.1 Chapter 2 
Chapter 2 discussed the principles of ion exchange experimental design. In this chapter it 
was shown that method can be standardised to allow qualitative design in regard to volume, 
stock concentration, and mass. These principles were related to a term in the Vageler 
equation termed ‘driving force’, and is represented by: 
Equation 1     (𝑉𝑉𝐶𝐶0
𝑚𝑚
) 
1.2 Chapter 3 
Chapter 3 represents a published article relating to the complexity of a seemingly Ca2+/Na+ 
binary system. Three systems of varying concentrations were analysed with common, 
simple adsorption isotherms, namely: Freundlich and Competitive Langmuir. The Vageler 
equation was also introduced here and it was shown that regardless of changing solution 
conditions that before ion exchange capacity was reached systems behaved in the same, 
predictable behaviour. Beyond ion exchange capacity each system behaved differently and 
was able to achieve inflated loading. This inflation was shown to be represented in 
deviations in stoichiometry by measuring the introduction of sodium from resin to solution, 
however, it was noted that co—ion uptake was not observed. The supposition thus became 
that the observed resin hydrolysis was able to act as co-ion species in the inflated loading 
mechanism observed. 
1.3 Chapter 4 
Chapter 4 presented the remaining species responsible for Reverse Osmosis (RO) scaling. 
This chapter introduced the double selectivity model which represented ion exchange as 
two distinct sites in attempt to model the complex data also exhibit in these binary systems. 
Implications to thermodynamic calculations were highlighted in terms of Super Equivalent 
Ion Exchange (SEIX) mechanisms and how they are related to the input variables used in 
such models.  
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 1.4 Chapter 5 
Chapter 5 sought to analyse more complex ternary solutions to identify the impact of 
competition effects on measured loading. Complex SEIX behaviour was again observed in 
these multicomponent systems. Results showed that the linear Vageler section presented in 
Chapter 1 was observed under multicomponent solutions indicating that competition 
effects did not play a part in determining resin composition until the total sum of counter 
ions in solution (negating the less preferred sodium counter ion displaced from the resin) 
exceeded the ion exchange capacity. Beyond this point positive deviations in loading were 
observed for selected ions (Ba2+ and Ca2+) when in competition with a less favoured ion and 
negative deviations for (Sr2+ and Mg2+) when in competition with a favoured ion. Based on 
this data a selectivity sequence was produced: Ba2+ > Ca2+ > Sr2+ > Mg2+   
1.5 Chapter 6 
Chapter 6 introduced quinary multicomponent systems which were able to account for all 
the target species responsible for scaling as per the scope of this thesis. Removal of these 
alkaline earth metals was shown to be extremely dependent on solution normality and 
composition, and showed that perhaps use of binary coefficients in multicomponent models 
is problematic. Further, it was shown that simple adsorption models are incapable of 
modelling such systems, and introduced a modification to these models by way of the 
Aranovich-Donohue equation. This modification allowed for SEIX modelling and 
simultaneous retrieval of useful system properties – which is the benefit of simple 
Langmuir-type models. Sodium spiked solutions were also investigated in order to 
appreciate the additional complexity observed in real CSG water products, where it was 
shown that absolute loading values of alkaline earths were directly tied to the sodium 
concentrations.  
2. Suggestions for further development 
There exists in ion exchange research a surprising amount of room to develop and research 
despite the long history of the technology. In extension to this work I feel there are a 
number of progressions that can be achieved. Namely: 
• A systematic approach to understanding SEIX by focusing specifically on the mechanism 
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 • A thorough investigation into thermodynamic SEIX models, such as work presented by 
Khoklova. 
• The relationship between SEIX and resin functionality, capacity, cross-linking, and 
porosity 
• An investigation into SEIX as it relates to exchange kinetics 
• Development of presented ideas into continuous system studies. For instance: 
o Can SEIX behaviour be exploited in a column environment? 
• Exploration of the effect of co-ion species on the systems studied. 
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